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7-4 First-order Cirewt Sinusordal 'Respm\sﬁ

Tn previous sectons we determined Thot the Solution of ac
linear first—oyrder differential eqouad-}ofn consizted of ac

Forced omd nafural response. We determined Tha response o
o step- inpud. In This sechon we wnsider the response

10 o cousad sinusod. \/A¢o5w\~ w(t).

The tomplete differential eqoua.f'\bn +fora Lirst orderRCareuir s

RTQ d'\iiﬁ -+ AJ‘C—(») = \/ACOS Wt W(T)

The natured Pesponsct does nat chamge amd (5 9iven (Oxa,
VL= Ke ®T ko

The Foread res ponse. s a solution of

R:C A_%E? 4+ UE@¢) = eswt  tro

Tha omly solution of Thw G%UCCﬁon 15 amother sinwsold.
Consider V() = o coswt + bsinuwt

Thire 15 called Tha method o wndetermined coefficients
KrC c%((a coswt+ \osmw’c) + (aoswt +bsinwt ) =V, wswt

R (- auusnwt +How cos‘.ut‘) + (acoswt +bsmw'\-> = V, coswt

[’:CLLL)RTC_"' b] sin wt & E\' wa—TC'—\-O\—' VA') QOSU)* = O

Thia ts omly True When the Sine omd Wsine coeficients
are \d&hhﬁm\\% 2000,

O\,-\—@TC.(JO)\O:\/A
QMRTQ\a-\- b =0



aor WKL b = Vq
—(R) o 4RO b= O

60‘0\"(‘0&*\»{\3 |+ Q&JRTC)ZO‘ = Vp

I+ (RC)Z
Vv
Subshiruting - R = w RyC Va
b= (WkC) paTaE

The forad response 1s than

V() = Vi [cosw't ~+ LUWTCS\noJ‘t] tzo0

L+ (WR)*
The total solwﬂon 1§ Than
+
R-Csinwt tyo
KG Rl Ewsw’c-\'w T ]
NOE + ———-——————%J?qu

The \nthed condihon fu;(t=o) =V, m%u\ms

The totall soluhon 5 thayy

t
V)= [ R C)} R __l/L__ [cOswt—rwRTCs\nw’C] tzo

I RO

—

- - ~

naturad response fored response.



Tha VY\ofe,Commoﬁ\g used form of The soluhon requires
C_onuexh}\cj the second term To YY\O\C}MH‘U\C&L and  phase formadt,

_t
\/A kil Vﬁ t 9) £>
Ay o e T A cos(wit 20
) = {V" '*-@RTQL] V(R )
[\ _/ — v —
Natural tesponse Lored (Esponse*

where e used |
Cos wt -\'wRTCS\nUOJC = \/l*r-@'RTC)z cos (wt+ 6)

&= o <— WIRTC> = '\‘wn—\(—wRTC)
Ohservetions !

|, The Sored siamsodod resporse lasts whereas Thae nadurad
response decays to zero.

2, Tha forad sinusoidad response is of The same ‘R'e%uenc,é (W)
O The inpukr but with o 4y fferent mo\%m\'\-ude and phase

3, Tha forcad response (s Pmpor‘\-\onol Yo Vo

% the Forced response (s called
the ginusorded stAuF stote response
The aC s%cha&- stete response

+he oC résponse
Ted\h\(m\\\q‘ we howe Found the soluthon Yo Tha 5*2@~$w\d'\‘0h
\/A(ws wt] u(t)
H w=o ths reducesto th previous Solution for
Vi W(t)



Exam‘;\e -2 ‘
The switchin The -Fgwe below has been open for o \ovxg tirme.
and is closed ot +=0. Find The voltoge ) for 2o when

Vz() = 20 sin locot wlt)
\(t)
—
—K
+

w) ’r“:lrﬂ’

s 45 {

We. howe 1o denve the cifont diiferentiad eqouahon E‘é Thaven @ing
e caccwt.

S\noﬂ-\v\ﬂé 'U;(:ﬂ, 'R.‘.'-'-'- 4¢ |4k = 2k
NI = 4l Vs(t)= losmiooot wlt)

4k 4k :
W\ —> '
2k=Rr  + l
V()= l0sin looot U(t) T C=‘l‘“C 3 -b -3
_ gTQ=@x\o ) (10 ): X0
4
— =@+ LRy + V) =0
d)
¢ - AU—
L) CEE—'
ReC dum orh) = V()

dt
L&mo—3) _j'l;'(*’) <+ u¢t) = 10 sinlooot

Now we com compuletha notunel omd forcad Yesponses.
+

— —

vo) = Ke B¢ 4yo0

Uﬁ‘;“j undetermined Fourer coeffidients e write
Ve @)= o Cos\ooot + b s\n \coot



We svbshiuTe. V() \nto The differentia e%uo.hon,
(ax \63)3_ (a 031000t + bsin looot) + (a.cos looot+b Sinlocot)
*.

= |0sinlooot

A {— o\0op S\n \ooot + b looo cos \OOOE] -\-[c\ws looot=+bsin \000{] = |0sin looot
500

[—a1+ b-10 J s wt + [bz—r o\,] coswt =0

a+2h=0
-2ac+ b =10

2o +4b =0
-2a. + b =10

Se=10 = b=
a=-2b= —2(2)=-4%

Lol = UL+ U ()
£

- 002

vH) = Ke —Yeps 1000t + 2.sin looot

K vs Foumd $rom the 1nitiad condition thadt '\J‘(o)‘: O

Swnca Tha switcdh was open for oo long hime the Copac(-\—or‘
\s unchcxn'ﬁed-

L lo)=0=Ke -4+ 0 = K=4

The complete. fes ponse \s
S
V() = de 9% =4 cos looot+ 2sinloocot

In mc\%m\heh,omo\ phoat
€

v = 4e T 4 Y@ cos (1000t + tom (%_—))
.
v =4e % 4 4,472 cos ((ooot+2(.~§”)



&

Example 1-13
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G—V\O-P*Er 8 - S\husolc\a& %‘fe&c\é— state tesponse 80

Tt forced sinusoid Y‘emcx‘m(né after the notureld com ponent
disappears Is called The sinusoidal steady-state response.

B-1 Sinusoids and Phasors
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