Chapter 4 - Time and Frequency Response

Recommended problems to study:

Warmups
1: LR transient

2: RC transient

3: LR transient

4. RC transient

5: RC transient

6: D.E. transient/steady-state solution
7: Transfer function

8: Series resonant circuit

9: Pardl€ resonant circuit

10: Transients (complex circuit)

Concentrates

1: D.E. transient/steady-state solution
2: Step response

3: Transients (complex circuit)

Timed

1: Filter response

4: Butterworth filter

5: Transfer function

6: Butterworth filter step response

Additional

1. Determine & plot frequency response of filter
2. Plot ssdomain transfer function

3. Plot ssdomain transfer function
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Chapter 4
Warmups

1. For the circuit shown, determine the steady state inductance current i, for (a) the switch
closed, and (b) the switch open.

4Q L
ANN—o">—¢—=
15v C) éBQ % 0.1H
L 4
By inspection,
(a) when the switch is closed the inductor acts like a short

I = L 3.75Amperes
4

(b) when the switchisopen i, =0

2. For the circuit shown, determine the steady state capacitance voltage V(t) for (a) the
switch closed, and (b) the switch open.
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The boundary condition for the capacitance voltageis V(07) = V,,(0")
(a) when the switchisclosed V. = 8—84(15V) =10V
+
(b) when the switch is open V. = 0Volts since the capacitor discharges through the 8Q
resistor



3. For the circuit shown, determine the steady state inductance current i, for (&) the switch
closed, and (b) the switch open.
iT .
iL

—>
ANN\—0 * >
4Q
15co0s(10t+20°) C) § 80 % 0.1H
15 v 20°
(a) when the switch isclosed i; = 4—8 = 3.536.£6.568°
4+ /i
8+ ]

Using acurrent divider i, =i % =(3.536£6.568°)(0.992 £ — 7°) = 3.51.20.556°

(b) when the switchisopen i, =0



4. The circuit in problem 2 has had the switch closed for along time. At t=0, the switch
opens. Determine the capacitance voltage, V,(t), for t>0.
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When the switch opens we have only the RC circuit.

io(t)
——

+

8 § w o= Ve

By Ohm’sLaw V. (t) =8i.(t)

but —i. = CdditC for the capacitor. The - sign comesin because of the direction chosen for

the capacitive current.
dv, dv,
V= —C—Cjz— 1x10°°%)—<
¢ 8( dt il ) dt
(8><10‘6)%+VC =0
dt
%”‘25“105\/0 =0 *)

Thiskind of equation always has a solution of the form V. = Ae*

ave = Aoe™
dt

Substituting this solution into (*)
Ace™ +1.25x10°Ae™ =0
o =-125x10°

Vc (t) — Ae—1.25><105t
at t=0+, VC=10 volts (due to the voltage divider)

Vc (t) — 1Oe—1.25><105t



5. Thecircuit in problem 2 has had the switch open for along time. At t=0, the switch
closes. Determine the capacitance voltage V.(t) for t>0.
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Do KCL at node B with )i =0 (+ into the node)

15—VC_£_ic:0
4 8
15—V, (110)dv 0
4 8 at
15 Vo % 4900% _g
4 4 8 at
%+§xlOGVC:1—5><106
dt 4
V.
For the steady stateE—>0
15 10°
Voo = g = 10Volts
§><106

The transient solution is of the form . = Ae*

oAe™ + g x10° Ae™ =0

o= 3y 10°
8
_310%t
VC(t) = VC,transient + VC,ss = Ae 8 + 10

@t=0 V(07) =V,(0")=0
O0=A+100or A=-10
Thefina solutionisthen

—§><105t
V(1) = 10(1— e j



6. A system is described by the equation

2
12sin2t :d—V+5d—V+4V

dt®> ot
_— » dv(0)
Theinitia conditions on the voltage are V(0) = -5 and - 2.

Determine V(t) for t>0.

2
d V+5d—v+4V=0

The transient solution comes from ——
dt dt

Assume a solution of the form e
s +55+4=0

_-5+25-4(4) -5+9 -5+3_
- 2 ~T 2 T2 T

S

—4,-1

\Vi =Ae™ +Be!

transient —

To determine the steady state solution convert to phasors

12sin2t =12 coy2t — 90°) — 12ejwt 2 = —j12el“
Assume a soluton of theform Ce'**

(jw)’Cel™ +5jwCe™ + 4Ce'™ = —j12e/
C(4- o’ +5jw)=-j12

c:_#
4-w°+5|w
: . —-j12
For =2 (sincesin2t) C= ——=—
4-4+j10

Vsteady—state = Re{—l_Zei Zt} = -1.2cos2t
V(t)=-1.2cos2t + Ae ™ + Be™

Z—\: =-1.2(2)sin2t—4Ae™* - Be™"
V(0)=-5@t=0 -5=-1.2(1)+ A+B
dv(0 _

— =20@t=02=-12(2)(0)-4A-B

Solving simultaneously
A+B=-5+12=-38

4A+B=-2

Subtracting gives —-3A=-1.8, or A=0.6
Using thisresult 0.6+ B=-3.8 or B=-4.4
Thefina solution isthen

V(t)=-1.2cos2t + 0.6e™ — 4.4



7. For the circuit shown, the current sourceis ig(t) = 0.01cos500t

A 10Q
W\/—‘
+
iS(t) 30QS 0001F —— Ve  0.25H
. ‘

Find the transfer function G(s) = Vc_(s)

15(s)
Using KCL at node A (+ out) and that the voltage at A is V:

VC
10+ 0.25s

lg >

0.001sV.

—|S+£+0.001SVC +L:
30 10+0.25s

lg = vc(i +0.001s+ ;)
30 10+ 0.25s
Then
Ve(s) Ve _ 1
I<(s) v ( FRY ) 10+ 0.25s+ 0.035(10 + 0.25s) + 30
30 10+ 0.25s 30(10+ 0.25s)

@
—~~
NOJ

Il

Il

B 30(10 + 0.25s) 3 300+ 7.5s
40+ 0.25s+ 0.035(10+ 0.25s) 40+ 0.55s+ 0.0075s

G(s)

G(s) = 7.5(s+ 40)

0.0075[52+ 0.55 S+ 40 )
0.0075  0.0075

s+ 40
s* 4+ 73.33s+ 5333

G(s) = 1000



8. For aseries RLC circuit of 10 ohms, 0.5 henrys, and 100uf, determine the resonant
frequency, the quality factor, and the bandwidth.

0.5H 100 100pf
A |
MV 1C
Z(s)
o
1
Z(s)=sL+R+—
sC
1 1
Z(s)==-Ss+10+—F——=
(9=3 5(10° x10°°)

Z(s)= %{s+ 20+

2

2><104}_ 1[52 +205+2><104}
S S

Z(s)= i[s2 +20s+2x10°]
2s

The standard formis €2 + L2 s+ w;

w; =2x10"
_ - rad
0, =100~2 =141.278d/ .

—

o, _100v2 _
Q Q
100/2 -
=—=5y2=707
Q 20 5v
_ W
Q_Aw
)
Aw:&:molz _ 20
Q 52



9. For aparallel RLC circuit of 10 ohms, 0.5 henrys, and 100uf, determine the resonant
frequency, the quality factor, and the bandwidth.

O

Y(9) 0.5H 100 y 100uf

) |

O

Use the same approach as for aseries RLC circuit but use Y (s) instead.

1 1 1 1 1
Y(S)=——~=—+=-+SC=—"<~+—+910°x10°
(s Z(s) sL R {1J 10 o )
2

1032
Y(s):g+i+10‘4s: 20+s+10-10"s
s 10 10s

_ §*+1000s+ 20,000
10°s

Y(s)

As before the mode! is s* + %s+ 0%

w; = 20,000
_ rad
w, =141.4218d/

% _ 1000
Q
wO
= ~0.141
Q=000
_ Oy
Q_Aw
Do 14142
Q 0141



10. The switch of the circuit shown has been open for along time and is closed at t=0.

\esl

50Q s
AYAVAY ¢ AN
«— 0.01f

10v

Determine the currents flowing in the two capacitances at the instant the switch closes.
Give the magnitude of the capacitances and directions.

Theinitial circuit when the switch is open for along timeisvery simple.

Vci

50Q T
AN I
0.01f

o O "

Theinitial conditionsare V,(07) =0 and V(0" ) = +10V
When switching capacitors look like ideal voltages sources which retain their initial
voltages, i.e., the circuit at t=0+ looks like

10v

5002 |f +| -
L 2 @
AV 1—1|H
0.01f
1 oo
T . §10009
v : 1009§
ov—"
!

L g
which can be reduced to



i1 i2 1ov

500 __p «— + -
MA—e—— 1|+
—>
ic2
+ - 10000
al| 2
1ov C) ¢ 1000 §
& L g

By inspection (and being careful to follow the passive sign convention)
.10V 1
i = _

= =ZAm

17500 5P
10V 1

I, =——=-—Am
100Q2 10

Then,

) 1 1

., ==+ —=0.3Am

“ 5 10 P

. . 1

Il ==, = —— Am

C2 2 10 p

-10-



CONCENTRATES
1. A system is described by the differential equation
2. .
oosnat=20 149 4
dt dt .
Theinitid conditionsare i(0) =0 and ? = 4. Determine i(t) for t>0.

To find the steady state solution convert to phasors
20sin4t = 20cos(4t — 90°) — —j20e/*
Then (1) becomes

—j20=-0%i+4jw + 4i

Since =4 . .

R L R — TR
-0°+4jo+4 -16+j16+4 -12+ )16

i = cog(4t +141.3°)

steady— state

To find the transient solution set the forcing function to zero.

2. -
d—2|+4ﬂ+4i =0
dt dt

§+4s+4=0

o AL 16-44) _

2
Since thisis a second order equation we MUST have two linearly independent solutions.
we get the second solution by multiplying by t

Ae? + Bte™

i(t) = cog(4t +143.1°) + Ae™™' + Bte ™
i(0) = 0= cog(143.1°) + A

A=-c09143.1°)=0.8

% — _2Ae? + Be? — 2Bte® — 4sin(4t +143.1°)
d |

A 4= _2(0.8)+ B— 4sin(143.1°)

dth_o

B=4sin(143.1°)+16+4=8

Thefinal solution isthen
i(t) = cog(4t +143.1°) + 0.8 ™ + 8te™

-11-



2. For the circuit shown, find (a) the system transfer function, (b) the response to a unit
step at the input, and (c¢) the response to a unit pulse with a duration of millisecond.

1000Q2
i MN—2o * l
input —~ louf § 100Q output
[ ! | I

Compute the parallel impedance of the 10uf capacitor and the 100Q2 resistance and then use
avoltage divider relationship.

Compute the paralel impedance
1

=100 100
J10x10°)" 1955 100

- Ba -3
1 . +100 1+107s  1+107°s
5(10x10°°) 10°s

Zparalld

(a) system transfer function

100 100
Vou —_ 1+410°%s  __ 1+10°% _ 100
Vi, 10004 100 1000+s+100  5+1100

1+10°3s 1+10°3s

(b) response to a unit step %

_ 100 1_A, B
M 54+1100s s s+1100

As+ A1100 + Bs =100

Equating the real parts A1100=100 or A= 111
Equating the imaginary parts As+ Bs=0 or B=-A= —1—11

1 1

v _Q_L_i(lj_i( 1 )
g |s+1100 | 11\s/ 11\s+1100

Inverse Laplace transforming

Voo () = 200~ =€)

-12-



(c) response to a unit pulse with duration of 1msec.

V,,(t) = u(t) - u(t—107°)

—0.001s
e

Laplace transforming this gives V, (s) = T s
The output is then given by

Vout (S) = i(} - 1 ) - ie—0.00ls(l- — 1 j
11\s s+1100, 11 s s+1100

V= 15 (1ot - e u(t-107)

-13-



3. The circuit shown has had the switch closed for along time. It is opened at t=0. For
the instant just after the switch opens (t=0+), determine the current i,, the current i,, the

voltage v, and thetime rate of change of the current ;.

i3 2H
- VYL
30Q i1
4 [ 2 L 4
+
v
3osz§ \ '\Q)é'

600 § — 5uf —— 1 g 50

& L @

The values at t=0- are the steady-state “ closed” values.

30Q i1 i3
* AN
+
Vi

0 |
§ ’ l ooy <+> § >

® ®
Find the current through the resistors, and the voltage across the capacitors.

(30)(60) _ 1800 _

20Q
30+60 90
. 100V
,(0” )= ———=2Amps
(0) 30+ 20 P
4(07)= 100V _ 20Amps

iz(O‘) = 0 since there is no current through a charged capacitor

V(07) = 0 since thereis no voltage across a closed switch

(07)=100 20
20+30

combination of the 60Q and 30Q2 resistors.

V,

5uf

= 40Volts which is the same as the voltage across the parallel

-14-



Now redraw the circuit asit is at t=0+

L ¢

3osz§ _
D=0 B3

& L @

60Q §

DoKCL a A

—i,—20+i=0

=i, +20

Do KVL through both capacitors going clockwise as shown above.

Use i to bethe current through the 20Q resistor.

+40—100 + 20(i, + 20) +i,(30) = 0

—60+ 20i, + 400+ 30i, =0

50i, = —340

I, = —6.8Amps

Tofind i, use KCL at node B

I, =—6.8— % - % =—-8.8Amps

Thevoltage V isgiven by

V =(40+i,30)—100 = 40 + (-6.8)30 — 100 = 40 — 204 + 100 = —264Volts
To find the rate of change of i,use the inductance terminal relationship
V= L%

The voltage across the inductor is the same as the voltage across the 20Q2 resistor

V,0q = 20(—6.8+ 20) = +264Volts
(Notethat i, and i arein opposite directions.

v, =—264=2%
dt
Then,
di, Amps
— =-132
- e

-15-



1. Thecircuit shown is a phase-lead compensator. Together with the amplifier, it isto
previde avoltage ratio (gain) of 1 and aphaselead of ¢, at afrequency of w,. The
amplifier hasavoltage gain of K. Determinethevauesof R, R, and C intermsof K,
¢, and w,. Discuss the limitations on the angle and the desirable ranges of values.

Y

I\ \
o—o o o
+ +

A\
R1
Vin R2 K Vout

o . ———0

ThisisaREALLY poorly worded problem.
The frequency response is determined entirely by the R-C network.

1
,__ R = Rle _ RZ(RlésCll: RRSC+R
Vin — —1 ., " RRSC+R+R
R2+R”SC R+ Scl R1R2+SC+3C
Rﬁ'g
By inspection thereisa zero at _ 1 and apole at _R+R
RC RRC

Assuming the pole and zero are separated we have a quick sketch similar to
0dB

+90 _|

0)
K

The transfer function is then given by

-16-



kY% _ R(+sRC)
Vi Vi (R+ RZ)(1+ s;flfzé]

Define Z = i and P= M. Then the transfer function can be rewritten as

RR.C
S

Ve _« R M7 _ R Ps+Z
R1+R21+§ R+R Zs+P
P

Theterm z%i determines the phase which isgiven as ¢, = tan‘l(%) - tan‘l(%)

-17-



4. Specify R2 and capacitances C1 and C2 to cause the following circuit to be a

Butterworth low-pass filter with a-3dB (corner) frequency of 150 Hz. The amplifier isto

be considered an ideal unity gain amplifier (infinite input resistance and zero output
resistance).

10mH

10kQ vy 5Q R2
AN AMAN—e o
+ +
Vin 1 €1 C2=  Vou
C: L @ -O
1
M_ o6 1
V, 1 _.q0¢ 1+sl0°C
1
v, sC, B 1
Vi i+(R2+5)+s.10‘2 $107°C, +(R +5)sC, +1
sC,
Vy MV 1 1
V, V,V, 1+s10°C, s°10°C,+(R,+5)sC,+1

The standard form for a Butterworth filter from Table 4-2 (3rd order) is
V. 1 1

o _

-2 = X
Vi S 2
in 1+ S S
— |+ —(+1
wo (woj (a)OJ

Wewant o, = 27f, = 277(150) = 3007

Identifying terms

10™*
3007

10*C, = 3007, or C, = = 106nf

2

1
102C, ==, or G, = ——_ =113uf
2= (30027 2 (300mY
1 (3007)?

1
+5C =——,or R=— 2" _5-44Q
(R+5)C, 3007 R 3007 107

-18-



5. Given the circuit shown where the amplifiers are ideal unity-gain voltage amplifiers
(infinite input resistance and zero output resistance). Amplifier A3 isasumming amplifier,
so its output isthe sum of itstwo inputs. Determine the transfer function of the resulting
filter, Identify it and its principal parameters.

3mH

50Q
Vi
o * Al ANN—
+
Vin ==
- +
—l_ 1pf 500 - Voul
A2 |C—A\—e
AN Vo )
3mH§ —l—

. -

M s10° _ 1
- - —6 -3 —6 o2
s10
Vo 1
V,, 1+5x10°s+3x107°s
v, _ s3x10° _ 3x10°°s®
- - -5 -9
v, 1_6+50+33><10-3 1+5x10°s+3x107°¢’
s10

Vo oM,V 1+3x107°s

V. M, V., 1+5x10°s+3x10°s’

Next, we need to put it into a standard form
2
1+S—2
Itisthat of a band-reject filter ﬁ
1+ —+—
Qo,

(o] (o]

Identify the equivalences,
1 3x10°° gives w? =3.33x10°%, or m, = 18257fa@|/seC (about 2905 Hz)

o
1 1

S - =1.09
5x10°w, 5x10°(18257)

=5x10" gives Q=

1
Qa,

-19-



6. A Butterworth filter hasits transfer function given below. Determine its corner
frequency, and its response to a 1 volt step inpuit.

100,000

G(s)= 2 3 2
S +26.13s° + 341.4s5° + 2613s+ 10,000

From Table 4-2, for n=4

2 2
6, = 22.5°, [iJ +0.765-> +1and 6, = 67.5°, [ij +1.848> 11
w w w w

o (o] (o] (o]

We need to identify , so divide by 10,000 to get 1 in denominator.

100,000
G(9) = 210,000

( S )“ 26.13( S )3 341.4( s )2 2613( s)
— |t =t 2| ] 2|+l
10 10 \10 100 {10/ 1000\ 10

By inspection w, =10

From Table 4-2, the poles are at +22.5° and +67.5°

Putting thisinto standard form for atransfer function we have

10

ol o)

The step response for this function istruely NASTY to compute. Do by partial fraction
expansion.

R(s):G(s)}:A+ i Bs+C N 2Ds+E
s S (S) +O.765(S)+1 [S) +1.848(S)+1
10 10 10 10

Put into more standard form for Laplace analysis.
A Bs+C Ds+E
R(S)=—+— +

s §°+7.655+100 s°+18.485+100

This transforms to an expression of the form
r(t)= Au(t)+ B'e* cosbt+ C'e*sinbt+ D" e cosdt + E'' e “ sindt
where | did not bother to compute the coefficents.

-20-



1. Consider the OP-AMP circuit shown below.
(@ Determine the system transfer function.

(b) Sketch the gain of the circuit as afunction of m. Assume that R1=1000¢2,
R2=200€2, Ro=1000Q2 and C=1pF.
(©0 What type of filter isthis: low-pass, high-pass, etc.?

ANSWER:

(@ Applying KCl at the inverting input of the op-amp. Assuming that current into the
node is positive we can write

Vs _Vo +Vs _Vo Vo =0

R 1 R

sC
Solving for the transfer function gives
(i +SC)VS =(l + 1 +sc)v0

R R R
1 1 1
v, _ R ¢ _ S*ge _ STRC
v, 1.1 ,¢ 1 111 g+ 1
s S +|l= +=|=
R R (Rl R,/C (RIR)C

Thistransfer function has a single pole and a single zero.

(b) For the given values, the transfer function evaluates to

-21-



1 S

S+
v, (1000)(1x 10°°) _s+1000 _ 81+ 1000
V. o 1 s+1250 4, S
1000)(200) 1250
(()(1 x107°)
1000 + 200

20l0gH(jw)| = 2010g(0.8) + 20log
Thefirst term is approximately -1.9 dB.

1+ i‘ — 20Iog‘1+ i‘
1000 1250

(© Thisis ahigh-passfilter.

10 dB L B I BB
Yy 4
l
Y 4
’I
0dB f
-10dB
20 dB
1 10 100 1000 104 10°

-22-



2. Plot the gain and phase response of the system given by the transfer function:

(s + 6500)(s + 8500)
H(s) =
(s + 350)(3 + 1oo,ooo)

SOLUTIONS:

Putting the expression into standard form

S een (ol -
(s) = (350][100,000) 1. + 320)(1

S
¥ 100,000)

Theganisgiven by

20|09‘H(jw)‘ =20log| 1.57| +20Iog‘1 +j6é%0‘ +20Iog‘1 +J%‘

—20Iog‘1 +j%‘ —20Iog‘1 +jm‘

Thefirst termis+4 db. The other terms are evaluated graphically..

The phase angleis given by

ZH(jo) = £1.57 +Tan‘1(6§60) +Tan‘1(F‘%0) —Tan‘l(%) —Tan‘l(—loo(’,)ooo)

Thefirst term evaluates to zero degrees. The other terms are evaluated graphically.

-23-



GAIN:

+20 db

+10db

0db

-10db

-20 db

-24-
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PHASE:

1 100 10,000 106 108
+90°
77/
T AP 7/ T AR TTI r
,I/I
+45° \
,)
T // / -
0° |
R I R S L ) ‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, L
\
_450
_900 \ \
1 100 10,000 106 108
w
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1. Plot [H(jw)| and £ZH(jw), given that

100

10s
H(S) = S
(1+9)(1+—)
10
SOLUTIONS:
+20dB +20dB
0dB odB 4
-20dB -20dB
0.1 1 10 100 0.1
— — S
I L
1+s
— I
|
+90° | || - [ [ . - |- |- [ [N +20dB
ol I H dJ L 4T [T LT E 0dB
N -
Y <
~N
-90° -20dB
<
0.1 1 10 : 100 0.1
—_— i — 10 Z10=C
_— s Z(jw) =90°
o Al e treagoinao=

1

—1_ 4( 1 ) — 45" breakpoint at =10

+S
— — w5 |=g

-26-
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An Abbreviated List of Laplace Transform Pairs

flt) (>0 TYPE F(s)
d(t) (impulse) 1
u(t) (step) 1
t (ramp) 1
Sz
ra tial 1
e (exponential) L
sin(wt) (sine) ®
$? + ¢
cogot) (cosine) s
S + o
ted (damped ramp) 1
(s+a)°
esin(mt) (damped sine) Q
(s+a)“ + w?
e?cog ot) (damped cosine) sta
(s+a)% + 02

An Abbreviated List of Operational Transforms

f(t) F(s)
KT(D KF(S
fa(t) + f(t) —f5(t) + ... Fy(s) + Fyls) = Fys) + ...
() sH(s)-f(07)
dt
% (s —si(07) - 10
d"fi(t B (0~ "0~
ald (s~ 107 —s2 0] _ o0 "0
fl f(x)dx @
f(t-a)u(t-a), a0 =
edif(t) F(sta)
)0 413
tf(t) dF(s)
~ds
t"f(t) n d"F(s)
1" e
@ L Fu)du
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