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FIGURE 3.43

(a) Image of
whole body bone
scan.

(b) Laplacian of
(a). (c) Sharpened
image obtained by
adding (a) and (b).
(d) Sobel gradient
of (a).

| Laplacian of image

Sobel gradient
image

l original image

(c) Sharpened by
| adding Laplacian
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FIGURE 3.43
(Continued)
(e) Sobel image
smnnthad with a

i Mask = (c) x (e)

the product of (c)
and (e).

(g) Sharpened
image obtained
by the sum of (a)
and (f). (h) Final
result obtained by
applying a power-
law transformation
to (g). Compare
(g) and (h) with
(a). (Original
image courtesy of
G.E. Medical
Systems.)

Power Law Intensity
| Transform

l Add Mask to original

© 2002 R. C. Gonzalez & R. E. Woods
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FIGURE 3.44
Membership

/— ra(z)

functions used to
generate (a) a
crisp set, and (b) a
fuzzy set.

Degree of membership

|

|
o1 L 11 e o0 w L+ Age (2
0 10 20 30 40 50— 8@ 0o 30 a0 so. e @

“crisp"” membership “fuzzy" membership
function | function

Probability: there is a 50% chance that a particular person is young
Fuzzy logic: a person's membership with the set of young people is 0.5

Basically everyone is "young" to some degree. A membership function
‘ represents that degree.
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1= 1 cd

ra(z)~ » HB(2) FIGURE 3.45

- 1a(z) = 1 = pa(z) (a) Membership
functions of two
sets, A and B. (b)
Membership
function of the

0 z 0 z complement of A.
b (c) and (d)
Membership

Lo \ functions of the
L \ union and

I \ intersection of the

/\,— ni(z) =F min[ e 4(2), 1p(z)] tWo sets.
4

Complement

Degree of membership

!
|
I
!
I

Intelsecﬁon
\

- Z

| H=max [, (z),1p(2)] | ph=min[p,(z),45(2)]
| OR | AND
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S 1 5 I ‘ FIGURE 3.46
| I | Membership
0 ‘ z 0 ! ‘ z functions cor-
a—b a a+c a—c a b b+d responding to EqS
n I )
(3.8-6)—(3.8-11).
1+~ 1 —
| Sigma | S-shape
| I
sk } Sp--——--—- |
\ | I
| L
0 0 L
~b p ¢ b ‘
3 n
L ‘ Bell-shape L M\ Truncated Gaussian
| 0.607 2b
| Y 22
Sp—f SR K= ‘
\ \
1 1 | 1
0 L 0
c—b ¢ c+b : a—c a a+c z
—_
b

Commonly used membership functions
used to describe inputs and outputs.
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We will use a
single color
to describe a
fruit with a
color that
changes
from green
to yellow to
red as it
ripens.

© 2002 R. C. Gonzalez & R. E. Woods

EECS490: Digital Image Processing

Fuzzy Input Variables

Degree of membership

Degree of membership

0.5

0

1.0

0.5

u(z)
Heyeliow (Z)
[ » Mgreen (Z) s .Mrm‘(Z)
= T
Color (wavelength)
w(z)
Hyellow (Z)
[ » Mgreen (Z) e Mrm’(Z)
Wred (Z0)
Y A\ A
M_\-‘c‘!h:w(z(l) |
\
™ Hgreen ( zt)) !
4
20

Color (wavelength)

A particular color z, has a
membership value ug,,een(zo),

uyellow(zo)r and ured(zo

a
b

FIGURE 3.47

(a) Membership
functions used to
fuzzify color.

(b) Fuzzifying a
specific color z,.
(Curves describing
color sensation are
bell shaped; see
Section 6.1 for an
example. Howe-
ver, using trian-
gular shapes as an
approximation is
common practice
when working
with fuzzy sets.)

in all three

input membership functions.




The fruit can be
verdant(unfit to
eat), half-
mature
(ripening), and
mature (ripe)

© 2002 R. C. Gonzalez & R. E. Woods
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Fuzzy Output Variables

Degree of membership

FIGURE 3.48
Membership
functions
characterizing the
outputs verdant,
half-mature, and
mature.

-
10 20 30 40 50 60 70 80 90 100
Maturity (%)

The output variable is
maturity which is hard to
quantify
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Third Dt
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| input membership I output membership
u( ab

cd
1.0
We now - Hrea(2) FIGURE 3.49
(a) Shape of the
membership function

need To 0-5 0.5 ™ Hma(®) associated with the

color red, and
(b) corresponding

r‘ela.re The 0 Color z 0 F— ) output membership
olor aturity funcgon. These two

input avsociated by rule R

membership

functions to

the output ) e AN ot o)

and (b), as defined in

membel"Ship Eq. (3.8-5).
nctions — This is a simple plot of This is simply the

fu. . the relationship membership function for red

this is between the two AND mature or red N mature

called

membership functions
implication

(c) Combined
representation of the
two functions. The
representation is 2-D
because the
independent
variables in (a) and

uredﬂmafur'e(zfv): min[ured(z)zuma‘rur'e(v)

© 2002 R. C. Gonzalez & R. E. Woods
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FIGURE 3.50

(a) Result of
computing the
minimum of an
arbitrary
constant, ¢, and
function us(z, v)
from Eq. (3.8-12).
The minimum is
equivalent to an
AND operation.
(b) Cross section
(dark line) at a
specific color, zg.

We now
need to
evaluate
each output
membership
function for

The given Q3(V): H.r'ed(zo) AND uredﬂmatur'e(zwv)

mpu’r value :mm[[ur'ed(zo)' ur'edﬂma‘rur'e(zmv)]

U..4(z,) is a constant ¢ which clips the output
membership function as shown above

Q; is still a membership function!

© 2002 R. C. Gonzalez & R. E. Woods
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wn(z) P
:E‘ /ﬂ’yeﬁow(z) b
. # C
There are 3 different 2 FIGURE 3.51
input membership E (a) Membership
. o) unctions with a
fUnCTlonS eGCh Of B zgﬁeccitf‘i;‘:icolor, 20,
which can be ANDed a . (b) Individual fuzzy
. sets obtained from
with mature. Egs. (3.8-13)-
e ———— (3.8-15). () Final
- fuzzy'set obtained
This gives three 2 &yor Gt
different output :
membership functions. f
——————— &
a v

10 20 30 40 50 60 70 80 90 100
Maturity (%)
()

Lor This is the mature
2 membership function

=T /__/7 for a specific color z,
0 | [ \ [ \ \

10 20 30 40 50 60 70 80 90 100
Maturity (%)

The system output is
the maximum value at
each point or

Q=Q, OR Q, OR Q..

Degree of membership

© 2002 R. C. Gonzalez & R. E. Woods
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of membership

ree

Deyg

Defuzzification

0

20 30 40 50 60 70 80 90 100

Maturity (%)

The output is still a
set. The actual
membership value is
the center of gravity

of the output set.
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The Entire Process

2. Apply fuzzy logical
operation(s) (OR = max).

3. Apply implication

1. Fuzzify inputs.—
’7 method (min). —

green hard verdant

l N I B

consistency is hard THEN

IF  coloris green OR fruit is verdant ’

yellow medium

T
1
'l
1
: half mat
1

- \——_ [\ [\

OR consistency is medium THEN  fruit is half-mature ‘
T

1
H
1
. /
R —— ! R - -
>
mature

IF  color is yellow

T
[}
1
I
I

red soft

4. Apply

IF color is red

OR consistency is soft THEN fruit is mature ‘

aggregation
method (max).

Input 1 Input 2 5. Defuzzify
Color (zo) Consistency (co) (center of
o gravity).
utput
Maturiy (v0) /__/_

FIGURE 3.52 Example illustrating the five basic steps used typically to implement a fuzzy, rule-based system:
(1) fuzzification, (2) logical operations (only OR was used in this example), (3) implication,
(4) aggregation, and (5) defuzzification.

© 2002 R. C. Gonzalez & R. E. Woods
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ab
! Hdarker (i”)

Hbrigh(2) FIGURE 3.53

(a) Input and
(b) output

5= membership
functions for
F‘gray(z) HMgray (v) #bri‘gh:er(v) fuzzy’ rule-based
contrast
enhancement.

Mdarf((z)

z 0 v
Vg T)g Vp

IF a pixel is dark THEN make it darker The output memberships are only three
IF a pixel is gray THEN make it gray | values.
IF a pixel is bright THEN make it

brighter

0

© 2002 R. C. Gonzalez & R. E. Woods
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S e Contrast Enhancement

1. Compute the input membership 2. For a specific value of input gray

function AND the output membership level we map onto a single output plane.

function The membership is 1 for deep blacks
and gradually decreases to zero. Do

this for each output.
B e

3. Determine the total membership

) X X . X :
function and compute the center Vy = Hdari (ZO) Vaark T Hray (ZO) Yeray T Horigns (ZO) Voright
of gravity of the output Ugon (zo ) + Loy (Zo ) + Wyrigns (zo)
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Fuzzy Contrast Enhancement

abc

FIGURE 3.54 (a) Low-contrast image. (b) Result of histogram equalization. (c) Result of using
fuzzy, rule-based contrast enhancement.

© 2002 R. C. Gonzalez & R. E. Woods
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b Fuzzy Contrast Enhancement
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l Original histogram l Equalized histogram

0 63 127 191 255 |0 63 12I7 191 255
Mark(2) Mbright(Z)
Fuzzy membership Fuzzy contrast
functions enhanced histogram
Hgray(2) ‘
||I‘ l I“]“ll“lllllllnuluuh ly ..x.‘.1...l.mlnl|||||||||||u|||lu
0 63 127 191 255] [ 0 63 127 191 255
ab
clid

FIGURE 3.55 (a) and (b) Histograms of Figs. 3.54(a) and (b). (c) Input membership
functions superimposed on (a). (d) Histogram of Fig. 3.54(c).

© 2002 R. C. Gonzalez & R. E. Woods
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21 b5) Z3 dy ds ds
24 5 Z6 dy 0 dg
27 3 ) dy dg dy
Pixel neighborhood Intensity differences

ab

FIGURE 3.56 (a) A 3 X 3 pixel neighborhood, and (b) corresponding intensity differences
between the center pixels and its neighbors. Only d5, d,, dg, and dg were used in the
present application to simplify the discussion.

l IF a pixel belongs to a uniform region THEN make it white ELSE make it black

IF d, is zero AND d, is zero THEN z; is white
IF d, is zero AND dy is zero THEN z; is white
IF dq is zero AND d, is zero THEN z; is white
IF d, is zero AND d, is zero THEN z; is white

ELSE z; is black

© 2002 R. C. Gonzalez & R. E. Woods



igital ]
* ‘Image
l”roces ing

‘ "

S’ Ratael C. Gonzaler
Richard E. Woods

EECS490: Digital Image Processing

IF IF
ZE
THEN THEN
Z5 ZE jp—b| WH 5 ZE p—»-| WH
ZE
Rule 1 Rule 2
IF IF
ZE
THEN THEN
ZE Z5 —»| WH ZE 25 —| WH
ZE
Rule 3 Rule 4
ELSE| 25 fre——| Bl

© 2002 R. C. Gonzalez & R. E. Woods

.U, b Fuzzy Boundary Extraction Rules

FIGURE 3.58
Fuzzy rules for
boundary
detection.
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(a) Membership
function of the
fuzzy set zero.
(b) Membership
functions of the

—L+1 0 L-1 0 L-1 uzzy sels black
Intensity differences Intensity
Input membership function Output membership function for black
for ZERO intensity and white
differences
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b Fuzzy System

| input membership | output membership

This is a plot of the This is the membership
relationship between function for difference AND
the two membership white

functions
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g A fuzzy output for a given input

We now
need to
evaluate
each output
membership
function for
the given

input value

This would be the output membership for a
specific intensity difference input AND
white
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FIGURE 3.59 (a) CT scan of a human head. (b) Result of fuzzy spatial filtering using the membership
functions in Fig. 3.57 and the rules in Fig. 3.58. (¢) Result after intensity scaling. The thin black picture
borders in (b) and (c) were added for clarity; they are not part of the data. (Original image courtesy of
Dr. David R. Pickens, Vanderbilt University.)

© 2002 R. C. Gonzalez & R. E. Woods
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VOV
AWV
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FIGURE 4.1 The function at the bottom is the sum of the four functions above it.
Fourier’s idea in 1807 that periodie functions could be represented as a weighted sum
of sines and cosines was mel with skepticism.
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- “ Fact: Any Real Signal has a Frequency-
P Domain Representation

o 1 ]2
Odd-order harmonics l sq(t)= X sm[jr (2"+1)f}
n=—oo 2n+1 Af

The terms shown (blue) it
. . 0.8—{\ VAN 2\ /\
sum to the rippling e
square wave (black).
As the number of terms N/
in the sum becomes large,
it approaches a square Ao l
wave (red). —

1999-2007 by Richard Alan Peters II
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ke Freguency-Domain Representation

Any periodic signal can be described by a sum of sinusoids.

- ]
sq()= X In+1

sin{Z/{thH)t}

The sinusoids are called
“basis functions”.

The multipliers are called
“Fourier coefficients”.

0.8F
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1999-2007 by Richard Alan Peters II
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Frequency-Domain Representation

Any periodic signal can be described by a sum of sinusoids.

& 1
Sq(t)z =2-' 2n+1

sin[Z/{thJrl)t}

The sinusoids

“basis functions”.

are called

The multipliers are called
“Fourier coefficients”.

0.8F
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“
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04k

Basis
functions
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1999-2007 by Richard Alan Peters II
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w27 Frequency-Domain Representation

Any periodic signal can be described by a sum of sinusoids.

= /1. [2n S
Sq(t)z§2n+lsm{;t(2n+l)t} T N

0.6
AN 0.4
The sinusoids are called \/‘ ,'\, -
B O o A W e Y o War
. . \Xﬁ,fry&%‘o{%w:‘» AN @ I N
“b 9 IR EION PIN IR @‘m‘-‘&o& G AT, '.‘,!'.“‘ow@
asis functions”. 5 IV VKN
-0.2
0.4+

A

. . o VY 1
“Fourier coefficients”. coefficients ]
(Of 0 Squar‘e '00 250 300 350 400 450 500

wave ).

1999-2007 by Richard Alan Peters Il

The multipliers are called i The Fourier
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The Inner Product: a Measure of

Similarity
The similarity between functions f and g on the interval (-l [2,A1 2)
can be defined by
A2
(f.8)=| flt)g (r)ar
/2

where g (¢) is the complex conjugate of g(7).
This number, called the inner product of f and g, can also be
thought of as theamount of g in f or as the projection of f onto g.

If f and g have the same energy, then their inner product is
maximal if f =g. On the other hand if (f, g)=0,then f and g
have nothing in common.

1999-2007 by Richard Alan Peters II
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*,"” Inner Product of a Periodic Function and a
Al2 Al2
(f,g)= jf(t)sin@t)it (f,g)= jf(t)cos@t)z’t
_A/2 ~A/2
e 3 different
<fa8> = J f(z) [003(27”1‘) - Jsm(T”t)]dt representations I

1999-2007 by Richard Alan Peters II
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Nink Inner Product of a Periodic Function and a
g o ."';:';:1:;.' S | n u SO | d

Al2 Al2

(f.8)= [rOsin€o)ir| (f.g)= [ r@)cosCroi

_A/2 —A/2

real number results

s yield the amplitude

of that sinusoid in

“d the function.

i
o
o
i
i
o

e

e
e et

e e e

e
e
e
e

e o et

1999-2007 by Richard Alan Peters II
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).
= #%  Inner Product of a Periodic Function and a
Sinusoid
e .- :
SRR : P :
/2
2 . e 2
(f,g)= Jf(t)Eos@t)zsm@t)]z’t
-A/2
A/2 2T
_ J‘ f(t)e_’Tt d Complex number result
yields the amplitude and
‘;//22 phase of that sinusoid in
. the function.
= [ e at
-A/2

1999-2007 by Richard Alan Peters II
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The Fourier Series

Is the decomposition of a A-periodic signal into a sum of sinusoids.

f@t)=4, +iAn cos(antj+Bn sin (2”7”1)

n=1

periodic: dAe R such that f(tinxl)=f(t).i

The representation of a
function by its Fourier
Series is the sum of sinu-
soidal "basis functions”

A, _2 Jf(t)—cos(ant , ﬂdt forn=0

ﬂdtforn>0

multiplied by coefficients.

Fourier coefficients are
generated by taking the
inner product of the

function with the basis.

1999-2007 by Richard Alan Peters II
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o ek The Fourier Series

can also be written in terms of complex exponentials

oo

N ELL - ][220 v,
f(t)zzcne S5 =Z|Cn|e J( A ¢)

n=-—oo n=-—oco

:Z|C" |cos(2%t+¢n)+j.|cn |sin (MTHI+¢H)

n=—co

tj

e’ =cosxzx jsinx

ft+nd)=£(1)

for allintergers n

1999-2007 by Richard Alan Peters II
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Nk Why are Fourier Coefficients Complex
[ e Numbers?

oo .2 .
N ﬂnl’- s
£(1) = E ce 7 where ¢ =|C |

C,, represents the
amplitude, A=|C,|,

and relative phase, ¢, |
of that part of the . /\ [ /\ / \ /\ / \>
original signal, f (t), V \/ \ \/ V

that is a sinusoid of
frequency w,=n/A.

A intensity

,,,,,
HeEQuctivy

1999-2007 by Richard Alan Peters II



