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2.9 Anmalytic Prwiesofi'e

It is not possible to have a dispersive medium that is loss free, although there
may be frequency bands throughout which the loss is very small. Each element of the
constitutive paremeters ¢ and y are analytic functions for which the real part deter-
mines the imaginary part and vice versa by means of the well-known Hilbert \vansfarms.
To sea how these properties come about, consider the polardzation Plu) = e X (w) + B(w).
Let

) = o r _fw o, -r Ber) eIt e

which are the usual Fourier trensfarm relations. If E(t) 2 0 for t < 0 then E(w) is
ﬁuofallaing\lhritiminﬁlm~+jamplmplmsﬁmfwt<0ﬂainte-
gral for E(t) can be evaluated by closing the contour in the lower half plane and must
give zero. For £(t) to be a real function, £(w) s £ (-w). When E(t) is zero for

t < 0, causality requires the polarization P(t) to also be zero for t < 0. Hence,
Tq(w) + E(w), which is the Fourier transform of B(t), is also analytic in the lower
half plane. Thus, ie(u)isamlyticmthelmhalfplm. For a physical medium,
aacheluxer!txija’f'x"willwﬂshtooxdwu",a>0,aslal tends to infinity. For
later use, we also note that xij(o)--x'ij(-u)aime?(t) nmust be real. The above
Myticmtiuofiemadimtmltofﬂnplmicalmtiesof;(t)as
given by

3 € 3
Bee) = o> r Zg(0) « Etw) &t au

mmm;ﬁ =x'ij-jx"ijﬂnoumim:egm1



1 X34 (w)
I’mfcré':;“"“

sincexijismlyticwiﬁﬁncmmcamcmmﬂnfigmcmmdesthepoint
.0.

t o

» W

mmwmmmmmmwammm
xi(u)
Is 'j.xij("o) + Pr “--j—_ o =0 (2.78)

where P denotes the principal value. From this expression it is easy to show, as re-
quired by the exercise below, that

x'g3(up) ® 2p rsx"i w e (2.76a)
13 ¥ 0w - “0

" 2 _ [* %X 14 | |
X ij(.u) 8 - v P [; :!—-.—i;’— de (2.76b)
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These relations, which are Hilbert trensforms, are known in the litereture as the
Kr8ning-Kremers relations (for a discussion and reference to the original papere see
Kerr) and were extended to a ferrite medium by Gourey: "™

Split (2.78) into its real and imaginary parts, use the property xij(u) s x*ij(-u)
to obtain "":!.j(‘" = x'ij(-o) and x"ij"’) s - x"ij(-u), and thus derive (2.76).

2.10 Principal Axis

For a loes free medium, ¢ is hermitian and for non-gyrotropic media it is real
and symmetrioal (which is a special case of a hermitian dyadic). In a principal axis
reference frame, D and £ are parellel along a principal axis, by definiticn. Hence,
Deec-Exe¢E. Forasolution of (¢ - Tc) « E = 0 we must have the determinant
|€ - «I| = 0. When § is hermitian there are thres real eigenvalues, ¢ = ¢, ¢,, ¢,
for this equation. For each eigenvalue ¢, there exists an eigenvector with a unit
vector fi; defining its orientation. The three i, specify the principal axis. When
the ¢, are all unequal (non-degenerete) the ii; are mitually crthogonal. For degener-
auewmmdimoMmmmlymebem
to form an arthogonal set.
Proof of Orthogonality

ﬂohnwc-niscinibydnﬁniﬁm,mﬂnhmnaobcm'itm”

m,n.n.,wmwmwm"mmmm Inc.,
New York, 1951, Chapter 8.

.*Goumy, B. S., wm'mmmmmwmtmnm

Ferrites,” J. Appl. Phys., Volume 28, Pages 283- , 1957.




a ._* rY
ni Gt"in

gince ¢ is hermitian. Also, we have

€ - By » ey
From these two equations we form

a..*.a > - ( )a.a

ni ‘t l‘\j—ni [ nj' ‘i-‘ji nj
mmmmmmﬁi-(a"’t-a»aj-omauhuﬁtm. Hence,
ifciicjwomsthmﬁi-ﬁjto.

Real Property of Eigenvalues
As above we can write

€ By = eyny

R ® Al
¢ -nitcini

firom vwhich we can form

ak - & Y -f k. C *)a...\*
ni"’ni“'ﬂi’G 'ni. Ci"Cini ni

As before, the left hand side vanishes because



~ are new linearly Mpendent renl efgenvectors.
In the general case when ¢ is hermitian the eigenvectors are complex but the

a@igenvalues are real as shown above.
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" - > e - &* bnw» S -n*
Ry, e*n;=n; * & *N and g e

for a hermitian dyadic. Hence, €, 2 ¢4 and is real.
When € is real and symmetrdc then ¢ = € and

-~ & a ‘ l* 2k aft
€ *N. 2 g.:.n.,, € ° n i ;= t °n i ' ‘1“ i
L a% . i | > o
so boti: ny ard n 4 are eigenvectors. If n; and n 4 are linearly dependent we choose
- e o i . ' )
%‘- (. # A i) as a real sigenvedtor. If 5i andﬁ 4 ave linearly independent then

1

.S. (% 5
) ad  § Ry -R )

are new linsarly i:idependent real eigenvectors.
In the general case when ¢ is hermitian the cigenvectors are complex but the
airenvalues are real as shown above.



