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B DISCRETE VERSIONS OF CONVOLUTION AND CORRELATION

D cecouna weons Semplin

The discrete version of convolution and correlation follow from the analog for-
mulations. The discrete convolution of functions f, and h, to produce f,, may be
written as .

-1 N-1

W vrusd anssme £ - - L (3-42
L terwdic folm. n) = ,Z 2 S hem = iom =) S ) oo
, where the limits on the summation are due to the assumed rectangular region of
:>‘W support (or an M X N “window”) of h. In contrast with Eq. 3-42e, “‘periodic”
e convolution of the functions f and A is defined as “
A - "oneudan convolin
Laln N’ {
™ %ze s fi(m, n) = Z 2 AG ) R([m = i), [ = j]) (3-42f)
l;r\u M\q;o\mg Thore ane Q%Ud
domdun where h is assumed periodic with umdin Qe
wndFoens.
[m=i]=(m - i)mod M
and

Aonee .

[n =i]=(n —i)mod N

Note, without proof, that the second definitiprof discrete convolution is nec-
essary to yield the multiplicative propert the corresponding discrete signal
spectra in the frequency domain (i.e., DFTs of f, and h). Recall that due to
sampling, f; is also assumed periodic. This assumption poses a small dilemma, since
neither function, practically speaking, is periodic. To overcome this dilemma, and
therefore be able to use the frequency domain analysis tools, we assume that f, meffet
and h are defined over larger sampling lattices whose corresponding extents are V“W“"b
much greater than the regions of support of f, and h. This is accomplished in soppfl\‘
practice by forming the larger arrays by padding f and h in two dimensions with '6,1 ovarcd¥
zeros to achieve the larger extent. boondoﬁt)
Similarly, the discrete correlation of f, and A may be written by analogy with e{"ftds
Eq. 3-42c as Jua

oA
g el convolution

ol edn 0N folm, n) = ,2 2 filis ) hm + iy n + ) (3-42g)

The graphical interpretations for these operations using discrete functions are
analogous to their continuous counterparts.

RELATION BETWEEN CONVOLUTION AND THE FOURIER TRANSFORM

It is a well known 1-D result that convolution of two waveforms in the spatial
domain corresponds to the equivalent operation of multiplication of their respective
Fourier transforms in the Fourier (or frequency) domain. This result carries over
directly into 2-D in both the continuous and discrete formulations, with the proviso
that in_the latter periodic convolution is used. This result is significant since it

facilitates study of the frequency domain behavior of many of the discrete spatial
or “window” functions used for smoothing, sharpening. and other enhancement
and restoration functions. Furthermore, efficient implementation of many spatial
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domain computations may be achieved in the frequency domain. This partially
explains the utility of fast, parallel, and optical implementation of the Fourier
transform.

THE 2-D DiSCRETE FOURIER TRANSFORM

This transform was alluded to in Eq. 3-34 and Eq. 3-35. In addition, we have seen
how to write its 1-D counterpart in matrix notation. Consider a 2-D image function
matrix [f], written as the N XN matrix:

nohw we 5404? £56(0,0 0,1) --- fOON -1
D s 00 SO - JON =
e wihe swwsw lf] = : (3-43)
kmok.oa,»z.. ]
f(N - 1,0) cee f(N=-1,N-1)

The 2-D Discrete Fourier Transform (DFT) and Discrete Inverse Fourier Trans-
form (DIFT) definitions, rcspectlvely, may initially be written using summation

notation
(DFT) )
_ _1_ S NS =2mj(km + In) )
| Fik, 1) = & Z 2_) f(m, n)exp[——-——N ] (3-44)
@ apd A
~ (DIFT)
f(m, n) = —-Nil NE-: Etk, l)exp[W} (3-45)

. Three notes regarding this trarfsform pair are in order:

This = di§{erent 1. Note that the sca

Thoe Hor 1L actor (1/N?) in Eqs. 3-44 and 3-45 has been distributed
ou~ Rorv,

‘the DFT and the DIFT. This is a matter of convenience; it

tinuous versions of these transforms are considered later.

<" The DIFT of Eq. 3-45 may be implemented using the structure of the forward
transform Eq. 3-44, by replacing coefficients F(k, I) with their conjugates
and conjugating the result; that is, an alternate formulation in the form of
Eq. 3-44 is

f(m, n>=[ NE‘ NZI F*(k, ex p[ WH (3-45b)

An examination of the exponential term in Eqs. 3-44 and 3-45 indicates

>
@ Cxpl: —2mwj(km + In)] _ exp[ - ijkm] exp[ - 211‘]1'1] (3-46)

N N N
Each of the factors on the right hand side of Eq. 3-46 is a complex number of
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