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Transient analysis
Initial ConditionsBefore we can solve transient problems involving inductors and capacitors we

must understand the initial conditions that apply to the differential equations:

Because no circuit can supply infinite power:
(2) the current through an inductor cannot change instantaneously
(2) the voltage across a capacitor cannot change instantaneoudy

These rules are the boundary conditions which apply to inductors and capacitors and, for purposes
of writing time dependent eqpressions for voltage and current, can be written as:

For an inductor
i(0-)=i(0+)  whereitisassumed that a switch has been opened or closed in the network at

t=0.
For a capacitor
v(0-)=v(0+) whereitisassumed that a switch has been opened or closed in the network at
t=0.

Basically, this means that for inductors the current is continuous, whereas for capacitors the
voltage is continuous.

The voltage current relationship for a capacitor v
cannot be written without using integrals or L
derivatives. TIYYY)L
+ - ! . ! .
q ) | q »C For the inductor, "Ohm's Law" is
Ve or, inintegral form,
Using the above definitions we can write , , 1 t
"Ohm's Law" for a capacitor as I(t) =i(to) + | vi(0) ct
l~= dﬁ = Cdiv 0
dt
or, inintegral form, as
V() = v(to) + & f ic(t) dt
o

A transient is what occurs whenever you open or close a switch in an electrical network. The
voltages and currents must quickly re-adjust themselves to the new network. The presence of
capacitors and inductors in the network means that that the voltage and current readjustments occur
according to the differential equations describing these circuit components.
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Consider the simple series circuit shown below:
R

MW

— E St

[

The question iswhat is the current in the circuit as afunction of time for t=0, the switch closes at
t=0. Thisrequires the use of differential equations. To describe this circuit begin with Kirchoff's
voltage law

XVa

E-iR-Ldi=0
Thisisadifferential equationini

Ld +iR=E
The homogeneous (or transient) solution comes from solving the equation with the right hand side
of the equation set to zero.

L4 +iR=0
The solution to this equation is an exponential of the form

i(t) = Aekt
where A and k are constants to be determined. Substituting this solution into the above differential
equation we can find k

LAkekt + AeKR =0

Dividing through by Aekt
Lk+R=0

or
k=-R/L

The constant A must come from the steady-state solution of the original differential equation. In the
steady-state all derivatives are zero since nothing is changing. Therefore, the differential equation
for this solution reduces to

IR=E
or

i=E

R
The resulting total solution isthe sum of the steady-state and transient solutions
1(t)=1 steady-state * Itransient
or
i©=E+ae R
To find A we must apply the boundary conditionsoni, i.e. that
i(0-)=i(0%). Leti(0)=ip. At t=0*

. _E .,
lo R EA
A—|O‘§
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Therefore, the fina time dependent expression for i(t) is

it) = E+(i-Ele "

Thefactor L/R is called the time constant of the circuit since it determines how rapidly the current
changesin the circuit.

i(t)
A
The dope must aways
ThecurrentinaRL T gotozero ast—eo
circuit must aways be E
continuous at t=0. —
i R
- ¢
=

For asimilar series RC circuit, the objective isto predict the voltage across the capacitor asa
function of time given that the capacitor has avoltage vp acrossit at time t=0.

R

MW

Using KVL
t
E-iR-L]it)dr=0
i Cj i(t)
o
We cannot use i asthe variable for capacitors - we must use voltage.
I
v&t)—6 to|(t)dt

which isthe integral form of
o CdvC
R
The differential equation isthen
R( dv,
E-RCq
or, rewriting the equation in amore standard form,
dv
RC 4 +Vc=E
As before this equation has a homogeneous and a steady-state solution.

-ve=0
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For the homogeneous sol ution:
dv,

RCW +v.=0

L etting vo(t)=Aekt

RCAkekt + Aekt =0
or, solving for K,

k=1

RC _ . . I ,
The steady-state solution comes from setting all time derivativesto zero to give
vV.=E
Thetota solution isthen
Ve(t) = Vsteady-state + Viransient
t

v{t)=E+ Ae rC
At t=0, v¢(t)=vpo S0
vd0)=vo=E+A
and
A =vo-E
Thefina solution isthen
t

vdt) = (voEje RC+E
which is shown graphically below

v(t)
A
The dlope must aways
The voltagein an RC T go to zero ast—eo
circuit must always be

continuous at t=0. E
vV _|

0 i

= {
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Example:
Most of the time you do not need any fancy math as shown above to solve the problem. Simply
remember the boundary conditions and the general form of the solutions.

R=10kQ

/ AN ——

_—  100volts —— C=0.1pf

Consider the above circuit. The time constant is simply computed as
7 = RC = (10x10-3)(0.1x10-6) = 10-3 seconds
Assume vg=0 since it was not given. The problem is to determine v across the capacitor at t=5x10

4 seconds. The general form of the solution was shown graphically above. Expressing this general
solution mathematically

v(t) =E + (Vo-E)€ re

which for the given constants becomes
t

v(t) =100 + (0-100)e 10°
and, at t=5x10-4 seconds, is

O( 5><10'4) 1
V(5x10) =100\1- € 545 = 100l1- ¢ )
v(5x104) = 39.35 volts

Summary of important relationships for solving transient problems.

Component Initial condition t=0+ o) T Ohm's Law
Capacitor V(0-)=V(0+) short open RC |=C %
-1
orV c | dt
Inductor 1(0-)=1(0+) open short L/R V=L %[[

The differential equation
Ad+BI=C
has two solutions. One solution isthe d.c. (also called steady state solution) which occurs

when all the derivatives go to zero. This solution issimply |=C/B. The other solution isthe
transient solution (also called the homogeneous solution) and requires that C=0, i.e. solve

A %‘ +BI=0
This solution is always of the form I(t) = A€Mt and can be solved for by simply substituting
thisexpression for I(t) into
d =
A ot +BlI=0
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CIRCUITS 31

The switch Sclosesat T=0. The 4Q
compl ete response for i(t) for t>0 _/S IVV\’
+

is
(@ 25+6e 0.75t

(b) 2.5- 2.5 0.75t 10volts _—— :é 3H
(c) 25+ 2.5¢ 1.33 _ l./

(d) O
(e) 2.5-25e 133t

We use KVL to write the differential equation for the circuit using the correct expression for the
impedance of the inductor.

-10 + 4i + 337' =0

Re-writing thisin conventional form with the sources on the right hand side of the equation

337' +4i =10

The dc (or homogeneous) solution is obtained by setting the derivatives equal to zero or, in this
case

4i = 10

giving i=2.5 amps.

The transient solution is always an exponential in form. Substituting i(t)=Aekt into the
differential equation and setting the source (the right hand side of the equation) equal to zero we
obtain

3gti +4i=0
KAEK + 4Aekt = 0
3K+4=0

=43

The total solution isthen i(t) = itransient + ihomogeneous = Aer 1-33t + 2.5
The coefficient A is solved for by using the boundary condition that i(0%)=i(0-)=0.
Thisrequiresthat i(0*) = A + 25 =0, or that A=-2.5.

Theni(t) = 2.5 - 2.5 1.33t and the correct answer is (€).
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Circuits 32

The form of the trangient part of V(t) 1 £+ VO
fort>0is )( AN

@ (ArtApe0S , 22 b

(b) A1cos(0.5t )+ Aosin(0.5t) fy , 1H

: 4Q ! :é
(©) Aqe tcos(0.5t )+ Are tsin(0.5t) 2A C) @ C\V
(d) Aqre 171+ Age 029t _E
At t=0 the switch moves from 1 to 2.
Solution:

For t>0 the equation of the circuit is

at 2

where V¢(0%), theinitial voltage on the capacitor, is zero.

Differentiati ng the above equation to remove the integral

a4 2+ Ly = -5sin(y

The Ieft hand Side of this equation describes the transient response. For the transient

32 +28+1ig=0

If weleti(t)=AeM we get

M2AEM+ 2mAemt + % Aemt=0

which reduces to the characteristic equation

m2+2m+0.5=
This equatlon can be solved using the quadratic formula

-2+4/(2
m= 2 4(1)(05 =-1.71 and -0.29

2
The only answer with these exponentsis (d).

diygj+l f i(o)do: + V(0%) = 5cog(t)
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Circuits 36
i(t) is
(a) e 0.6t
(b) e 167t
(C) -e 1.67t
(d) -e Ot
(e) 2-e 1.67t

Solution;

AN I

— L) T

2Q

—+
~

There are many ways to solve this problem but, perhaps, the easiest way isto Thevenize the left
hand side of the circuit (the voltage source and the two 2Q resistors) and replace the right hand side
of the circuit (the two 8Q resistorsin parallel) by its equivalent resistance.

Thevenizing the left hand side of the circuit

WV

_ 2 _
VT—2+210—5voIts
and

2x2

RT:2+2_

1Q

NOTE: Thisisagood technique to use to get
rid of current sourcesin problems.

The 8 Q resistorsin parallel can bereplaced by a4 Q resistor. Redrawing the original circuit and
replaceing the left hand side by its Thevenin equivalent and replacing the two 8Q resistors by a

single 4Q resistance, we get the following circuit
1f

4Q

Since V¢(0M)=V(0)=0

The time constant for the circuit can be directly computed as
1=RC=(5 Q)(% F) = 1.67 seconds
The solutions should be of the form

.
Ae 1.67 = AeDBt
The correct answer is (a).
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Example afternoon problem (thisis actually tougher than most afternoon problems):

y a_ (YYY g
L

K
+ R1 R2

Oss : :
- 1 R
—~ © 3

yic
—-—— d P a—
's "

Y ou are given that eg(t)=E+E1sin(500t)+E>sin(1000t), L=10 millihenries, C=200
microfarads, R1=10 ohms, R>=5.0 ohms and R3=5.0 ohms in the above circuit.

For questions 11-14 assume that switch K is closed at t=0 and answer the questions for the
instant immediately after the switch is closed, i.e. for time t=0".

11. If E=30V, E1=40V and E»=20V, the current ic is most nearly
(A) 0.0 amperes
(B) 1.5 amperes
(C) 2.8 amperes
(D) 3.0 amperes
(E) 6.0 amperes

This problem ismost easily solved by recalling the initial conditions for capacitors which
requirethat V(0-) = V(0+). Theinitial voltage on the capacitor is 0 volts so the voltage
across the capacitor immediately after the switch is closed must also be 0 volts. The applied

voltage eg(t=0+) = 30 since sin(0+) =0. At t=0+ es appears enitrely across R1 and the
resulting current (whichis equal to ic since R and C arein series) must be given by

i — € _30volts —

ic R, 100 3.0 Amperes

The correct answer is (D).

12. If E=30V, E1=40V and Eo=20V, the magnitude of the voltage between pointsaand b
iIsmost nearly

(A) 5.0 volts

(B) 7.5 volts

(C) 15 volts

(D) 22 volts

(E) 30 volts

The voltage being referred to is across the series combination of the inductor and R, as
shown in the diagram below.
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Voltmeter

Asin question #11 the voltage es(0+) = 30 valts, i (0*)=i|(0") since the current through

inductorsis continuous, and V c(0+)=V ¢(0°) since the voltage across capacitorsis

continuous. Since thereis no current flow through L at t=0* the inductor represents an
open circuit. The potential at ais+30 volts; the potential at b iszero sinceit is connected to
ground through R3 and no current is flowing through R3. The potential vy isthen 30
volts. The correct answer is (E)

13. If E, E;1 and Ep are magnitudes such that ic at t=0* is 2.0 amperes, the rate of change
of the voltage between pointsf and d is most nearly

(A) 0.0 volts/second

(B) 20 volts/second

(C) 5x102 volts/second
(D) 5x103 volts/second

(E) 1.0x104 volts/second

Thisquestionisalot smpler than it sounds and is a direct application of of the definition of
capcitance. By definition,

ic=cdY
which includes a direct expression of the rate of change of voltage. Evaluating this
expression for t=0*%,

i (O = cav

id0%) = Cdt|0+

which can be solved for the time rate of change of voltage at t=0*
dv _id0") _  2Ampees  _ 104 _vlts

dtlt=0" C  200x 10 Farads second
The closest answer is (E).

14. If E, E; and E» are magnitudes such that the voltages between points aand g is 40 volts

at t=0%, the rate of change of i| ismost nearly
(A) 0.0 amps/second

(B) 4x10°2 amps/second
(C) 4x103 amps/second
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(D) 2x10%4 amps/second
(E) 4x104 amps/second

The solution of this problem isamost identical to that of problem #13 with the exception
that the voltage expression must be that for an inductor, i.e.

- d
vi=Lg
Evaluating this expression at t=0*
d| - VIO") _  40volts  _ 4ggg @MPS
dtje=0 L 10x 103 Henrys second

The answer is (C).

15. If E=30V, E1=40V and E»=20V, the magnitude of the current ic is most nearly
(A) 0.0 amperes
(B) 1.5 amperes
(C) 2.8 amperes
(D) 3.0 amperes
(E) 6.0 amperes

es(t)=E+E;sn(500t)+E2sin(1000t)

ic(0)=0and i (0)=0 since there are no voltage sources for t<0. Using our rules for
boundary conditions on inductors and capacitors i (0%)=i_ (07) but ic(0%)#ic(0). At t=0+
es(01)=30+40sin(500x0+)+20sin(1000x0*) = 30 volts since the sine of a small number is

approximately zero. Since Vc(01)=V(0) (remember that the voltage across a capacitor is

continuous) the current ic through R; at t=0* must then be given by ic = 30volts/10ohms
= 3 amperes. The answer is (D).
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