EECS 412 Electromagnetic Fields III Formula Sheet

Maxwell’s Equations (general differential)

0B

VXE‘=—7

V-B =0
Maxwell’s Equations (time harmonic )
VxE=-joB

V:-D=p
VxH=J+£
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Maxwell’s Equations (integral )
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Electromagnetic Boundary Conditions
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Reflection & transmission (simple dielectric)
Ey m-m nm-n,

Uniform plane waves in arbitrary direction

1~
H(r)= ;k x E(r)

E(r)= -nk x H(r)

Reflection & transmission (multiple dielectrics)
_ (772 - ’71)(713 + rlz) + (nz + r’l)(”} - nz)eiziﬁﬂ[
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T - 4772773‘;#32[[

7 (le + Th)(’h + Yh) + (le - 771)(773 - nz)eizmzd
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Plane waves in lossy materials

y=a+jf= "jwua+]a)6
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Polarization currents:
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Poynting Theorem
J,E - Jdv =- atﬁ' u|H—| +—£|E| dv—fs(l:'xFr)-ds [2.31]
JE;
S. =25~ [2.32]
2n
1
S.=3R eExH*} [2.43]
Arbitrarily directed uniform plane waves
E(r)=Ee ™ [2.58]
. XB +YB, +17
i o Xt VB, + 2, (0.97)
w\Jue
H(r) = %12 xE(r) [2.61]
Reflection and refraction of oblique waves at planar dielectric interfaces
sin, _ Vo _ ety _ 1y
sinf Vi Vel M iown as Snell’s Law)  [3.19]

cos0, -‘//—sm 0,
r _Eq _mycos6, —mcosh, _ [3.24]
Y E, 1m,cos6,+1ncos6, cost, + J/_gm )

T, - %= 2n,cos 6. _ 2cos0, (3.25]

11, €050, + 1, cos 6, cos®, +J€/—sin26
r E, -n,cos0,+n,cos0, ~cos6, +/v -sin6, (3.26]
[ =
E, mcosb, +n,cos6, cost) +/J/ sin’6,
T E, 21, cosb, 2“/0050 (3.27]
=7 =
E, 10,0080, +1,c080, cost) + ’ J /sm 6,
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Total internal reflection

. & n
sin, = |+ =—2
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Parallel plate waveguide

Parallel-plate TE, modes: m=0,+1,+2,...

E =C sin(%x)e'ﬁ

| OE, .
== _.mn C cos(—x\e’y‘
¢ jou ox Jjoua \a ")
Hx=_—.y E -1 C,Sin(ﬂx\e’%
jou ™" jou "\ a )

Parallel-plate TM,, modes: m=0,+1,+2,...

[mx ) -7
H, = —
i C4cos\ P )e
E = _y—HV = Lcos(ﬂx\e’t
Jwe jowe \a ")
_jmm o (mE g
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Parallel-plate TEM mode

H = Qe’rz

E = _'V CAe”TZ
Jjwe

E. =0

Propagation constants
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Conduction losses

R 1
o =—o —‘/% [4.22]
w " pa naV 20

all

. = L - [4.23]
K
f

P [4.24]
w5
f

Dielectric losses

:
e A

a, = = [4.27]
; .
2.01- (_‘u.)
[
For parallel plate TE modes the total power through the guide is

_ o(mm ) _BClab
f f sm —x |dxdy = Ton [p-277]

For the parallel plate TEM (TM,) mode the total power through the guide is

av

P - %ncfba [p277]
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Dielectric slab waveguide

TM Modes The non-zero field components are E_, E, ,and Hy
For x<-d/2

Eo(x) =C, sin([a’,x) +C, cos(/a’xx) [4.34]
where the transverse propagation constant is given by
Bl =w'we, ~B =hy [4.35]
For x=-d/2
AG\(Xf‘V) d
Ce Yxz
E’(x)={ 7 [4.36]

= d
C“ea\( +A),x <- %
where the transverse attenuation constant is given by

O(f = Ez - wzl’lngu = _hg ora, = VE\Z - wzlu’OE(J [4.37]

The cutoff frequencies are given by
(m-1) =13,5,..0dd

4.45
Jemn = Zd;;udgd - Uyg, m=2,4,6..even [4.45]

TE Modes The non-zero field components are H_, H, ,and Ey
For x=<-d/2

H(x) = C, sin(B.x) + C,cos(B,x) [4.46]
where the transverse propagation constant

ﬁf = wzl‘dgd -’ = h;
For x=-d/2
0 C.e o x = /
H(x) =1 w> 4
Ce" x=- A
where the transverse propagation constant

axz = Ez - wz!‘o‘go = _h§ ora,= \'BXZ - wz“()so [4.37]

For Odd TM Modes:
(B.d\
=t 4.40
T 40
For Even TM Modes:
o, [ B
—= 4.44
B~ e, N2 [4.44]
For ALL TM Modes:
@, = wz(“dgd - Mogo) -B! [4.42]

The cutoff frequencies are given by
(m-1) m=13,5,..0dd

4.49
Jer = Zd;;uded UoE, M= 2,4,6..even [4.49]
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Dielectric covered ground plane

(m-1)  m=135..0dd_TM,

Jemn = Zd;;udsd — Wog, m=2,4,6..even_TE,

Dielectric slab waveguide ray theory

tanf, = B

X

[4.50]

[p.306]

Detailed example of odd TM Modes for slab dielectric waveguide: free space above the

guide
For x=d/2
El(x)=C, s_m(ﬁz—d)e 4
EAO(X) =" %Cn qm( ﬁid) e (-%4)
0 ng(; (ﬁAd\ —a (,\—d/,)
H}-(X) a C sin{ == e
For Ixl=d/2
El(x)=C, sm([j x)
() =~ Coeolp)
H;](x) = J(/;)g" C, cos([a’Ax)
For x=<-d/2
El(x)=C, sin( Xd)e“‘ ()
EJ(x)= %Co Slﬂ(‘—id)e“ (vs)
Hy(x) J'wf(.c sin(ﬁi—d)e"’ (vs4)
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Rectangular waveguideS' TM modes

E, = Cmn(—x/ eln\—y) e’jﬁ

- Jﬁmnc M ol N (N e
Ik v
e B o)

o)

‘.=—ja}ifcm—;cos( P x) sin(%y)e’w *
=== )

Rectangular waveguides: TE modes

H, = Cjos(m—nx) cos(ﬂy)e”'ﬁ"“"
H = %C—sl ( x\ cos(ﬂy\ e P
H, = %C coe(—x} sm(n—y) ¢ P

jow nw  (mx \ . (nm \ _j .
b))

E =- e CTsm\Tx} cos\Ty}e
ZI'E ,,,,, = u >
7
f

For both TM and TE modes:

Jop m (M N [P i

(5]
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Dominant TEm mode: Circular waveguides: TM modes where H, =0
H = cCos\ }e i [5.23a] E.=- C,,Jn( "’ )cos(mp) Bz [5.46a]
BeaC () 7 e
H, ==="=sin—je”’ [5.23b] £ -2 ff M, ( u )cos(nq)) [5.46b]
nl
JouaC . [(mx\ 7.
£ = JOHAC (T i 5.23 an Pt
Y 1 Sll’l\ a )e [ cl EG’ = ]—BTM'C“]”( nl r) sin(nq))g'/ﬁ”“ [5.46c]
E,=H =0 [5.23d] b
H =—’“;£”“ C”J”( r) sin(ng)e P [5.46d]
nl
[5.23¢] H, - ’“’mc 7, (2 r) coslmp)e 7 [5.46¢]
where
2
- e
ﬁm, = |’ ue ) [5.44]
. i,
e 5.45
Fer, Y [5:45]
[5.29] Circular waveguideS' TE modes where E_ =0
- 2 A Su
I -2 i [5.23f] C,,J,, ) cos(ng)e ™ [5.48a]
/J)m { A \
I-15— jﬁTE: (n/ \ — Bz
\2a) H, ==——=C,J, |27 cos(ng)e [5.48b]
1 'l
f(-,(, = [5.24] na
2aue H, = js—/i"'c,,J,,(ir) sin(ng)e ™ [5.48¢]
I
Zpy = i = 2ayf [5.24] E = _da w'unc J (—”r) sm( ) [5.48d]
0 7 2 ‘/4a2,11£f2—1 sul
-2 jaou (s, ) o
f E, = Cl,'\ 2 }cos(nq)) [5.48¢]
nl
where
2
= s
B, =@ “5—( "/) [p-359]
St
; . .359
fer = 5 e [p.359]
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Table 5.2 Ith roots (t,) of J,(.)=0

~
Il

0 1 2 3 4 5 6 7

2405 |3.832 [5.136 |6.380 |7.588 |8.771 9.936 | 11.086

5520 |7.016 [8417 |9.761 11.065 | 12.339 | 13.589 | 14.821

8.654 10.173 | 11.620 | 13.015 | 14.372 | 15.700 | 17.004 | 18.288

ENIRONI OR

11.792 | 13.323 | 14.796 | 16.223 | 17.616 | 18.980 | 20.321 | 21.642

Table 5.3 Ith roots (s,) of J,’(.)=0

~
1l

0 1 2 3 4 5 6 7

3.832 | 1.841 [3.054 |4201 |5317 |6416 |7.501 |8.578

7016 |5331 [6.706 [8.015 |9.282 |10.520 | 11.735 | 12.932

10.173 | 8.536 | 9.969 | 11.346 | 12.682 | 13.987 | 15.268 | 16.529

BN [—

13.324 | 11.706 | 13.170 | 14.586 | 15.964 | 17.313 | 18.637 | 19.942
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