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*Derivatives

In the following formulas u, v, w represent functions of x, while a, c, n represent fixed real
numbers. All arguments in the trigonometric functions are measured in radians, and all inverse
trigonometric and hyperbolic functions represent principal values.

d
1. E(a) =0
d
2. E(X) =
d du
3. E(au) = aa
d du  dv dw
1, 4 = dv aw
4. dx(u to=w dx t dx dx
dv du
5 d—(uv) = ua + UE
d du dv
6. E(uvw) = ur— + vwa + uwa
vdu _ @
7 d ul dx udx_ldu ldv
“dx\y] v? Tvdx  oldx

d wopdu
8. d—x(u") = nu E

d 1 du
d1 1 du
10. a(;)*?a
d[1 _ __h du
dx\u| w1l gx
2 AfE) e b
dxlom] T i ™%
du dv)

13. i(u"v"') = u"“’v’"“(nv— + mu—
dx

»

11.

dx dx
d d du
4. U] = )3

‘Lcty=/(x)and%=@

common domain. The differential for the function at such a value x is accordingly defined as v

= f"(x) define respectively a function and its derivative for any value x in their

d d
dy=dif) = Lax <UDy rigax
dx dx
Each derivative formula has an associated differential formula. For example, formula 6 above has the differential

formula
duvw) = uvdw + ow du + uw dp
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dz
15. d—xz[f(u)] du ‘ )
dv d""'u d?v d""u
16. dx"[“"] ( )dx dx" ( )ZF a2
( d*v d" " *u ( n| d"
k|dx* dx* “axr
where ( ) the binomial coefficient, n non-negative integer and ( 0) =1
du 1
17. I d_—x f — # 0
du
d 1 du
18. an&- u) = (log, e); Tx
d 1 du
19. Zx‘(loge u) = ; a
d N du
20. E(a ) = a*(log, a)E
du
21. —(e“) d
d . ,_du Ldv
22. E(u ) = vu Ix + (log, u)u Tn
d . du
23. E;(sm u) = E(cos u)
d du .
24, E(cos u) = —d—x(sm u)
d du, .
25. E(tan u) = E(sec u) -
d du,
26. E(cot u) = —d—x(csc u)
d du
27. a(secu) = Esecu-tanu
d du
28. E(csc u) = —Ecsc u-cotu

d .
. z;(arc sinu) =

Calculus 387

DERIVATIVES (Continued)
df(u) d’u dzf(u)

d du
. —(versu) = —sinu
dx

dx

du nSarcsinusu
dx’ 2 2



388 Calculus

31.

DERIVATIVES (Continued)
1

1 d
J1—u?dx’

‘—id;(arc cosu) = — (0 < arccosu < n)

32. —d—(arc tanu) = -—1-3 Q, (—E <arctanu < 7—[)
dx 1+ u?dx 2 2
33. d—d;(arc cotu) = —%2- %, (0 < arccotu < n)
34. %(arcsecu):——“\/_i—__?—l:—:, (Osarcsecu<g,—n$arcsecu< —g)
3s. d—‘i(arccscu) = ——_u\/gi_—-l %, (0 <arcescu < —725, —n < arcescu < —;)

37.

39.

41.

42.

43.

L
J2u - u?dx’

d . du
I;(smh u) = ‘—i-;(cosh u)

;id;(arc vers u) = (O <arcversu < n)

d du .
E(cosh u) = E(smh u)

d du 2
E(tanh u) = E(sech u)

d du 2
A a;(coth u) = —;i;(csch u)

—g—(sech u) = —g(sech u - tanh u)
dx dx

d du
M (cschu) = —E(csch u-cothu)

du

d ., d — i
'd—x(s"lh u)—a[log(u-f- u +1)]=ﬁa

X %(cosh u)——[log(u+\/u -1)] = /_____d (u>1,cosh™'u>0)

2 Ed;(tanh“ u) = 1[llogl + u] = ——1—— Q, w <1

dx|2 "1-—u 1 —u?dx

46. ——(coth ‘u)=— u+1 ! Q W >1)
“1-utax
d d 1—uw]| 1 du -1
47. E(sech E[k’g ] S T e (O<u<l,sech™ u>0)
d S1y) = d J1+2 _ 1 du
48. Zxlesch™u) = dx[log ] T /1 + WP dx



51.

Calcutus

3 Ed‘; J: f(x)dx = f(q), [p constant]

d
X EJ: S(xydx = —f(p), [q constant)

d 4 9 d
- f flxa)dx = j S @) dx + 1(6,0) 58~ [(p,a) P
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INTEGRALS

ELEMENTARY FORMS
1. Ia dx = ax

2, fa-f(x)dx = ajf(x)dx

d
3. '[4’(}’) dx = Mdy, where y' = 4y
y dx

F 'S

5 f(u + v)dx = fu dx + fv dx, where u and v are any functions of x

fudu:ufdu—jvdu:uv-—fvdu

dv du
fuadx = uv — J.vadx

b

a

N

xn+1
x"dx = ——, exceptn = —1
f n+1 p

f'(x)dx
)

9. ~I.d—x=logx
Jx

. (7% _ S @ =i
210

=logf(x), (df(x) = f'(x)dx)

11. fe" dx = €

12. je"" dx = e¢”*/a

bax
13. fb“"dx = ,  (b>0)
aloghb

14. Jlogxdx = X108X — X

15. ja" logadx = a*, (a>0)

1
lG.J. zdx 2=—tan"‘ic-
a+x a a
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396 Calculus

INTEGRALS (Continued)

o [
a—x

a
—log , (x*>ad?)

X
—cos !>, (@*>x?}

la)’
dx
20. f———— —log(x + /X' &)
/x* + a?

11X

21 J‘ dx = 1sec
x/x2-a ld
dx 1 a+
22, f—————-— = —-lo (
x/a* + x? a'®

a® + xz)

FORMS CONTAINING (a + bx)
a + bx
x

For forms containing a + bx, but not listed in the table, the substitution u =
may prove helpful.

(a + bx)n+ 1

T (n# —1)

23. f (a + bx)'dx =

24. fx(a + bx)" dx

1
= 2t “+ et bt e =1,-2)

(a + bx)"*3 (a + bx)"*? (a + bxy"*!
25, f 2 bx)" dx 2
xta+ x)‘ b’[ n+3 ~2a n+2 ta n+1



26. fx"'(a + bx)'dx =

Calculus 397

INTEGRALS (Continued)
x"*Ya + bx)" N an
m+n+1 m+n+1
or

J x™a + bx)""'dx

1 _ _xm+1(a +bx)n+1
ain + 1)

+(m+n+ Z)J'x"'(a + bx)"*! dx]

or
1

[x"'(a + bx)"*! — ma fx"" Ya + bx) dx:'

br+n+1)
dx 1
27. Ja T Blog(a + bx)
1
28. f(a +bx)? b+ bx)
29 f = .
"J@+bx)* 2b(a + bx)?

. |
[ 20

_33f
35f

1
I—)-z-[a + bx — alog(a + bx)]

xdx
a + bx

x
b

xdx
(@+bx3 b2

or

3 log (a + bx)

[log (a + bx) + ]
+ bx

-1 a

xdx _L[
(@ +bxy b2

x2dx
a+ bx
x2dx

(n - 2)(0 + bx)"'z + (n —_ 1)(a + bx)n—l]’ n # 1,2

I: (@ + bx)* — 2a(a + bx) + a%log(a + bx)]

a + bx

1 a?
m b—s_a+bx—2alog(a+bx)— ]

x2dx 1 log (@ + bx) + 2a a’
@xbxyp B BT T T a + b
x?dx [ -1

(a + bx)" T

@b =Dt bl

| (n — 3)(a + bx)"3

2a a?

], n#1,273



398 Calculus

INTEGRALS (Continued)

dx 1 a + bx
37. j—————— = ——1
x(a + bx) a o8 x
dx 1 1. a+bx
38 f - 1
x(a + bx)> a(a + bx) a? ©

3 J‘ dx l[l 2a+b)c)2+lo x
“Jx@a+bxP  a®|2\a+ bx 82T bx

dx 1 b a + bx
40 f & 1,5
x*(a + bx) ax 7%
f dx _2bx—a+bzlo
xda + bx)  2a®x* ' a® 8ot bx
J‘ dx _ a + 2bx 2boa+bx
* ) x¥a + bx)?  a*x(a+bx) a3 &

FORMS CONTAINING ¢? + x%, x? — ¢?

dx 1 x
43.‘[ 3 5 =—tan”"!-
A+x* ¢ c

dx 1 x
4. J‘zz—:—xi = —log s (Cz > Xz)

dx 1 x—c
45.f—————=—l s 2 2
x? - ¢? 2c°gx+c ("> %)

" xdx 1
46. J‘ = 4= 2 2
T1 R if%@ix)

xdx - 1
. (cz + x2)n+l - +2n(c2 + x2)u
dx 1 x , dx
“. f @+ X 2% - 1)[(c2 £y T 3’f (cz—ixT)"_‘]
dx 1 x dx
. f(xz ey 2c¢*(n — l)li_-(x2 -yt (2n — 3)f(x2 - cz)""]

xdx 1 2 a2
50. I?—j—ilog(x —C)

51 J’ xdx _ 1
. (xz _ CZ)n+l - 2n(x2 _ ‘_.2):-



Calculus
INTEGRALS (Continued)

FORMS CONTAINING a + bx and ¢ + dx
u=a+ bx, v=c +dx, k = ad — bc

Ifk =0, thenu-f

2. | —=-
5 wov k og()

xdx

1 c

dx 11 d v
4 f;z.—ﬁz(; +;‘°g;)
U
x2 dx 1 atk — be)
56. f - bzk k—z[—log()+ - log(u)]
-1 dx
_ - —
5. J‘u v k(m—— 1)[ nolgmd (m+n ) Ju“.vm_l]
58. ffdx_— — log (v)
-1 um+l
——k(n— l)[u"' + b(n —m—2)f ]
or r .
u™ dx -1 u™ um™”
59. = kJ.
.[ e T dx]
or .
-1 u™ fum
\d(n—l)[F'—‘—mb u"-ldx]/
FORMS CONTAINING (a + bx")
d 1
GO.J X - tan"xﬁ, (ab > 0)
a+ bx /ab a
1 ) a+x,/—ab’ (ab < 0)
2/-ab a-x/—ab
dx
61. J'—=
a + bx? or
1 /—
tanh~ 1 "2 b <)
|/ —ab a
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400 Calculus

INTEGRALS (Continued)

dx 1 bx
.| 5—55=—tan ' =
62 J.a2+b2x2 P
xdx 1
63. -—————=——l bx?
3 fa-i-bxz 2b og(a + bx’)
xtdx  x
“ il
fa+bx2 " bJa+ bx?
65 IJ’ dx
: (a+bx2)2 2a(a+bx2) 2aJ) a + bx?
dx 1 a+ bx
66. faz — b2x? =ﬁ10ga—bx
1 x 2m — 1 dx
Py 7w 2ym
2ma (a + bx*)" 2ma (a + bx?)
70— =
6 J.(a+bx2)"'“ or
2m)! i rir — 1)! J’
| (m)?] 20,5, (da)"~"(2r)a + bx’)’ (day"J) a + bx?
68 xdx _ 1
“J@+ bx¥t1 T 2bmia + bx?)"
2d _
69. * :+1= x vt s ———=
(a + bx*)" 2mb(a + bx*y" 2mbJ (a + bx*)"
dx 1 x?
7. | —— = —log——
0 fx(a+bx2) 20 B4 ¥ bx?

71J’ dx 1 bJ‘ dx
“Jx¥a+bx?)  ax ala+bx?

1 1 J‘ dx
2am(a + bxz)"' x(a + bx?)™
or

1 i a 1 x?
2a"* 1|, r(a + bx?Y 8 bx?

dx
2. J.x(a + bx3ymtt T

w

7

J’ dx _ lj' dx b
“Jx%a + bx3 T a) x¥a + bxA"  aJ (a + bxP)mt!
dx k[l (k+x? 2% — k] ( \3/5)
B A b tan~ ! R P
[ J.a+bx3 3a[2 Oga+bx3+\/§an k b

x dx 11, a+bx®  2x — ] ( \[)
f 3bk[ (k+x)3+\/—an

a + bx?

75.

th



Calculus 401
INTEGRALS (Continued)

24x 1
76. fii = —log(a + bx?)

a+bx® 3b
- f k[l X adxe 2 2k
“Ja+bx* 2a|2 B2~ 2kx + 2K 2k —x% |’

*la
b>0k= o
(a . /4b)
dx ki1 x+ k X Y a
78. f——zw Tlog Xt tan 1T, k= =2
a+bxt 2a[2 gl tn k] (“b<° b)
x dx 1 x2 a
79. [ X2~ X, (e ,k=\/:
fa+bx“ k2% (“ >0 b)

x dx 1 x? —k a
80. | XX o g T b<0k= |-2
J a b bk BT T (“ = N b)

J‘xzdx 1 [1 x? — 2kx + 2k? _y 2kx ]

g1 [ _ | DX I L
2+ bx*  4bk|2° + fan

2 %837 1 2kx + 22 2%~ X2

x2 dx 1 x—k x 4
222 gt T i 2ian Y|, [ab<ok= =2
82 J'a+bx“ 4bk[ogx+k+ an k] (“ < b)

x3 dx 1
N . bx*
8 J‘a+bx‘ 35 08 @+ bx7)

dx 1 x"
84. | —— =—log———
f x{a + bx") an oga + bx"

85 J‘ dx _ IJ’ dx bf x"dx
“J@+bxy*tt T al@+bx  al(a+ bx"ymt!

x™dx _ 1 x™" "dx a x™ "dx
"Ja@+bx"*'  bJ@+ bx"" bJ(a+ bx"PH!

o J‘ dx _ 1 J‘ dx 9 J‘ dx
" Jxm™a + bx"*'  al x™a + bx"Y  al x™ " "(a + bx"P*!



402 Calculus

INTEGRALS (Continued)
1

m—n+1 bnp+l
b(np+m+l)[x (@ + bx')

or

1 m+ 1 bnp
np+m+1[x fa + bx7)

88. f x™a + bx"yPdx = or
1
aim + 1)

[xm+ l(a + bxn)p+1

or

1 em+1 mp+ 1
an(p+l)[ x"*Ya + bx"y

FORMS CONTAINING ¢? + x*

1 (c + x)? 1 tan"‘zx:Fc

89fc + x3 1g3+x +c2\/§ ENE

_ x + 2 J' dx
(c® + x"’)2 T3 +xY) 33+

dx 1
91. f(wc3+x3)"”= [(———c n )+(3n l)f(3+x ]

92. J‘ xdx c +x + 1 tan”2x+c
A+ x? Bexx T INE) /3

93 J‘ xdx x2 . 1 f x dx
Tl X 33 +x) 33 +x3

x dx 1 x2 xdx
4. f @+ Xyt 3nc’ [(c’ + X" +0n -2 & £ Xy

x2 dx
2 3 3
95. ."c3+x i-3log(c tx)

—am—n+ I)Jx"""(a + bx"y dx]

+ anp f x™(a + bx")? “dx]
—m+1+np+ n)bfx"'*"(a + bx"y dx]

+m+1+np+ n)fx"'(a +bx")”“dx]



Calculus 403

INTEGRALS (Continued)
x2dx _ 1
@ 27 3 £ 0

dx 1 x3
9. | —5—5=3lo
Ix(c’ix) 3c3 g3+x

98 J’ dx _ 1 N | x3
") x(e® £ x3)? T 33+ xP) 3¢t 083 + x3

99 J’ dx B 1 + 1 J‘ dx
* X(C3 + x3)n+l - 3'1(‘3((‘3 + x3)n 3 X((‘3 + x3)n
“dx 1 1 xdx
100. '[_——_= __—_J'___
x¥c? + x3) cxTale + x3
101 J‘ dx _ IJ‘ dx 1 xdx
. xz(c3 + x3)n+l - 3 x2(c3 + xJ)n + A3l (c3 + x3)n+l

FORMS CONTAINING ¢* + x*

1 2 2 2
102. f [ lo, X hexyLte + tan~! ixﬁz
¢+ x* 22 x2 —ex /2 + ¢ ¢t —x
dx 11 c+x x
103. f——-—:—— ~1 tan~ !>
4 — x4 2c3[2 08— tn c]
d 2
104. J. X ax tan“iz-
4+ x* c
xdx 1 c? + x?
los.fc‘—x‘=@|0gcz—x2
x?dx 1 x —ex /2 + ¢ L, ex/2
106. < + tan 2 5
ct 4+ x* 2\/— x + cx/2 + ¢? c“—-x

2d 1
107. f x & [—Iogc+x—tan“‘£]
—x* 2 c—x c

108. .[c T x 4—+ log (c* + x%)

FORMS CONTAINING (a + bx + cx?)
X =a+ bx + cx?and g = 4ac — b?

b 2
If g =0, then X = c(x + i) , and formulas starting with 23 should be used in

place of these.

2
109. J‘-‘!f=—tan"20x+b (@>0
X

T
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Calculus

INTEGRALS (Continued)

-2 tanh“‘zcx+b
dx
110. ¥ = or
1 2 b——q
log cxX + (@ <0)
Vv —4q 2cx+b+,/
dx _2cx+b | 2c fdx
. [gF =2t 2 [0
dx 2cx+bf 1 3¢ 6c? J'dx
2, | —w=—
n X3 q ‘ZX2 )
2cx + b 2(2n—1)cJ‘
ngX"
dx
113. f}ﬁa
2n)!{c\" 2¢x + b " rf(r — l)'r') J‘dx
n)*\q /5 , cX @2n)!
x dx 1 b (dx
4 | — =_—logX —— | —
a5 =3leX-3l%
x dx bx+20 dx
115. J—F~ X e
2 b 2n — 1
e, X4 _ 2t x—b(" )fﬁ
X" ngX"
x2 x b b? — 2ac [ dx
- 2ac)x +ab 2a (dx
118. i
fx’ T ax T3l x
119 x"dx xm-1 n-—m+1 bx"tdx
JXYT n—m+1)cX" 2n—-m+1 ¢J X!
+ m—1 afx"?dx
2n —m+1 ¢ X+t
dx 1 x2 b (dx
120. | — = — - =
J‘xX 2a gX 2aJ X
dx b X 1 b* ¢\ [rdx
== log=—-—+ |-} |=
121 XX 242 Bx2 axdl_(2a2 a)fX
b rdx 1 dx
122f — i g _J'_
xX"  2a(n — l)X" t X" X1



Calculus 405

INTEGRALS (Continued)

mj dx _ 1 _n+m—1_gj dx
. xmxn+l (m _ l)axm—lxn m—1 a XM_IX"+1

2n+m—1 ¢ dx

- m—1 .;;Jxm-lxpu-l

FORMS CONTAINING ,/a + bx

2
124, J‘ a+ bxdx = B—b,/(a + bx)?

15

v - 3
125. '[x ¥ bdx = 224 3bx);{(a+—bx)

e 2(8a® — 12abx + 15b*x?),/ bx)?
l%'fxz a+bde=(a axj;osbSX) e

@%?)[x"\/(a + bx)® — mafx""lﬁ/a + bxdx]

127. J.x"' a+ bxdx = or
mi(—a)y"" .
PN e T CRE
Ja+ bx dx
128. J'——dx =2/a+ bx + aJ.—
X x/a + bx
129 J‘,/a+bx ./a+bx bJ‘
. x? x x\/a + bx

0 [ o L [P O [ ]

P
131 J' 2./a + bx
\/a+bx b
xdx 2(2a — bx)
132, '[ = — /a + bx
Ja + bx 3b?

x? _ 284 — 4ab 3b2x?
. [ Ba? — dabx + 36°X) s
Ja+ bx 15b
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134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

Calculus

INTEGRALS (Continued)

2 x™"td
(——2"1_‘_l)bl:x"'\/a+bx—maJ~ x]

J‘ x™dx _
Ja+ bx

2

Ja+ bx

or

x
fx,/a+bx_

—a)y"/a + bx i (=1ymla + bx)

pmHt o @r + Drim — n'a”

(V”’be—‘/‘; (@>0)

1
—=log [ F=—rx—"+],
Ja Ja+bx + /a

fxm\/’_—a \/m

J‘ dx _ __m _ __J‘ X
x2/a + bx ax 2a) x/a+ bx
Ja+bx  (2n -3 dx
T —DaxT T @n=2a) xt Ja ¥ bx
or
f dx | @n-2) [_ Ja +bx "i‘r!(r - 1)1(_3 n-r=1
Ja+bx |ln—DF a5 X!\ 4a
A ]
4a x\/a + bx
f(a +bx)t dx = 2(—‘;("2*—3;—

fx(a + bx)iz dx = —

[(a + b)Y ala + bx)F ]

b? 4+4+n 24+n

J' dx _lf' dx _gf dx
X@+bx)? 4 xa+byT 47 (a+ b

J‘(a + bx); dx
x

=bf(a+bx)";—z dx +a

n—2
J’ (¢ + bx)2 e
X

J.f(x,,/a+bx)dx=%ff(zzT_a,z)zdz, (z =./a + bx)



Calculus 407

INTEGRALS (Continued)

FORMS CONTAINING ./a + bx and /c + dx

u=a+ bx v=c+dx k = ad — bc

If k =0, then v = Eu, and formulas starting with 124 should be used in place of
these. a

—2——tanh‘l /bduv
Jbd bv -
or
dx 1 bv + /bduv
144, Jl = 1
Jur | Jbd 8 b0 — Jbduo

or

/ bduv)?
1 log (bv + uv) (bd > 0)

Jbd v
2 tan-"! / —bduv
\/‘_7,3 bv
145, [2X _ or
ﬁ _l(2bdx+ad+bc)
- sin™ ' ———}, (bd < 0)
v —bd k|
k+2bv
146. f Vi ds = —a= o - 8bdf
NN
NN TN
147 J.i)-‘—=< or
. u\/;
_ 2
L log(d\/; \/Ea) , (kd > 0)
[ Vkd v
dx 2 d/u
148f -1 s kd <0
- dou \/kdn T <9
xdx uv ad + bc
149 fﬁ= " " 2bd
lSO.f dx - -2 /uv
v uv kv



408 Calculus

INTEGRALS (Continued)

151 J‘vdx__ﬁ_ij’dx
: b 2b) Ju
152.f\[dx— f"dx
Jol

153, f'-fdx o +3)d(2v"‘“ u+kf

o [ l)k(v\"( EM m-di:ﬁ)

v™ dx

2
b(2m + 1)[ :l
155 [L9x _
Vu 2(mz)2ﬁ i ( 4k)"‘ !
bem+ 0,5\ "B wn2

FORMS CONTAINING ./x? + a*

156. f\/xz + a?dx = }[x./x* + a®> + a’log(x + /x? + a?)]

d
157. f——x—=nog(x+./xzia2)
Jx? + a?
dx
o [ e
x/x? — a®
159 J‘ dx __110 (a+,/x2+a2
Ix/xP+rad  a x
2 2 + 2 2
ton. [V H T gy [T alog (LT
X
sz_az 2 F) 1%
16l.j dx = /x* — a* — |a| sec 2
162.f Xdx __ P ia
JVx* + a?

163. J‘x\/xz + a?dx = $./(x* + a*)?



Calculus 409

INTEGRALS (Continued)
1 2
164. f (x* + a*)® dx =";I:Jc\/(x2 +ad’)’ + 302——x x* + a*
| 3a* 2 2
+ —2—log(x + Jx% + a?)

165 f i

J’ xdx _ -1

\/(x + a?)? \/xziaz
167. fx (x* + a®?dx =} /(x?* + a?)°
2 4
168. fx’ x2 i—a’dx=§\/(x2 + a?)? ¢%x\/x2 + a? —%—log(x + /x* + a?
l69.f 3 /x% + atdx = (3x* — &a?)/(@* + x?)?
170. f 3 /x2—a dx——\/(x - a?® + ,/(x - a?)?
x2dx x a?

171. f = ?—i-log(x+,/ x? + a?)

172. f x° dx —~\/(x Tt Fai /3 + @

2 2
173.f dx  _ gyx e

xz\/xz Ty o ax
174." _ VX2 + a? l] a+./x*+a?
: x3/x* + a? - 2a%x? 243 X

Jxr—a? 1 X

175. J‘x3\/x2 — = Y + msec "
2 4
176. fx’ (x2 + a?)’dx = gﬂ/(xz +a®)* F %,/(x2 + a%)? — %,/x2 + a?
F -log(x +/x* +a?
1 2
177. J‘xa\/(xz + a?)?dx = 7,/(::2 +a¥) F g—-,/(x2 + a3’
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INTEGRALS (Continued)

2 2
17s.f X tadx

x2

/xz i.a2
- . + log (x + /x? + a?)

Vx% + a? Jxr+a®r 1 a+./x*+ a?
179. —T—dx = ——22— —2—log———
X X a

o2 _ 2
1w.f—x—“dx=—

2+2 2+ 233
181. f#dx=¢u)_
x

182 J‘ x2dx _
* \/(xz + a2)3

183. f—-"— =
(xz i a2)3

3a%x3
—-x
NS 2+log(x+,/x2ia2)
x“+a
2
x2+a*+

dx 1 1 a+ + a?
184’_’- T o o398
x/(x*+a A /x> +a® a
dx 1 1 x
185.f = - — —5sec”!=
x/(x* — a?)? at/x* —a la? a
l“f dx _ 1[\/xzia2+ x ]
) x2 /(xz + a?)’ a* x \/xz + a?
187 dx _ 1 3
: 3 p) 23 2.2 /.2 2 A4 /2 2
x3/(x? + a?) 2a%%/x* + a* 2a*/x* +a
N 3 log 2t x2 + a®
25 %8
dx 1 3 3 X

lss'f 3\/(x2 —a?)}

- - — = sec
2a%x%/x? — a®  2a*/x* - a® 2|¢15| a

m—1
189. xm~1 ¥
J. /x2 +a i + J“/x +a
_ (zm)! I— 2 2 r_'(:__l)_ T 42ym—r, 2r—1
19, f\/xziazdx—zzm(m!),l_ X ta ,§ G Far @)

+ (Fa?)"log(x + /x* + a’)]

27)(m"?
VIS T o i T
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INTEGRALS (Coatinued)

192J‘ dx -1 Jxt + a? - (m—2) dx
R TR R U 7 PV e

dx mot(m — 1)!m!(2r)122m-2r-1
193. —_—— =/ 2 + 2
J‘XZM /xz + az xxa 'go (r!)z(zm)!(IaZ)m—rx2r+l

(2m)!|:,/x2 + a? i (e rigr — 1)!
=1

dx
14 | i ra myEL @, 200 @y 5

22ma2m +1 x

_ (2m)!|:./x2 —a* ri(r — 1)!

dx
s, | e mP @ B2

(="t | g,/xz + a? +a]

1 X
+ 22m|a|2m+l sec ;

/x2 — 42

dx
196. = -
J‘(x—a)\/xz—az 4 a(x — a)
7 2
”J' dx X a

(x + a)/x* - a® - a(x + a)

198. ff(x,,/xz + a?)dx = aff(a tan u, a sec u) sec? u du, (u = tan"g,a > 0)

199. If(x,,/x’ —ad)dx = aJ.f(asecu,atan u)sec u tan u du, (u =sec™! z,

a> 0)
FORMS CONTAINING ,/a? — x?

1
200.f 2’ — x2dx = 2| x/a? — x2 + a®sin~' >
2 la
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INTEGRALS (Continued)

/2 -2 /2 _ o2
203. J‘de=,/az X —alog(“#)

X
xdx 3 3
204. fﬁﬁﬁ:—\/a - X
205. fx a® — x*dx = -} /(a* — x?)°
1 3 2 3 4
206-f (a’—)cz)3dx=3[x\/(az—xz)3 +% a2 —x2+%sin‘lﬁ]
a

207

dx x
1

J‘ xdx _
") J@ -y Ja— <2
209. fx a® — xPdx = — 1 fla® = x?)°
2

210. fxz,/az - x%dx = —45 (@* — x?® + %(x\/az - x*+a? sin‘lﬁ
211. fxﬂ/a2 - x*dx = (- $x* — &Zad)/a® — x2)3

1 2
212, fxz‘/(az — x?)3dx = —-gx./(a2 - x?)% 4+ az—:\/(a2 - x%)3
a*x at

a5 IR B TR O
+16 a x+l6sm id

l 2

213. f 3@ = P dx = V@ =¥ - "? fa® — x?)°
214 f dx _ x\/"x2 + azsin“1 ad
. T2 Ve 2 lal

208

a® — x
2 _ .2
215.-“ dx _ a2 X
x2/a® — x? a‘x
/02 _ 2 2 _ 2
216.[#(&:- £-x —sin1 2
x x
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INTEGRALS (Continued)

219 J‘ x2dx x L X
, = —sin™!' =
J@@—x»  Jat - x? lal
x3 dx 2, 5 2 2 1
220. T‘; = —5(0 - X )i —x*(a* — xz)* - 3,/02 - x’(xz + 202)
x3 dx x a’
221 f = 2(a* — x*)t 2 _ x?
(az _ xz)s ( ) ( 2 x2)i a2 — x? tVa X
222J‘ dx L a? — x? 11 a+ . J/a* —x?
: X a2 — xz 2(12X2 24 ° X
93 J‘ dx B 1 il a+ ~ x?
xJ@ —x?)? a?Jat —xI @

\/%-7 m -[\/a

(2'")'[ 2 _ 2 i ri(r —1)! 2m=2ry 201

22m 2r+1(2r)'
a2m oy x:l
+ —=sin —_

22m Ial

2m+l
Ipa— (2r)Y(m!)? ,
f,/a - x? Z o 2m + 1)Y(r v)z( )" x?
229 f_ii___ Ve — xt
Clem it —x2 (m— 1)aPxm! (M—l)azf _— 2\/a_t7

(m — 1)Im!@2r)122m-2r-1

230. / -
f 2m / a r=0 (r!)Z(zm)!alm 2rx2r+l
_(2m)![_\/a2 — x? i ri(r — 1)!

231, f -
x2m+ 1\/02 ) (m|)2 a? =) 2(2,.) !(4a2)m—rx2r

1 a—,/a’—xz]

log

+
22ma2m+ 1 x
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INTEGRALS (Continved)

dx 1 (b\/a2 —x? + x\/a2 — b?)?
32. f = log 3 3 ,
®* - x¥)/a? - x* 2b/a* — b? b2 — x
(a*> b?)
d 1 N
233. f X = an- XY 8 s
(b* — x3)/a* - x* b /b? - b/a? — x?
14 J’ dx _ 1 tan-" x/a* + b*
b? + xz)\/a2 - x* b+ b? b/a* — x?
235, f VO XD X
1b| lal/x? + b? lal

236. J.f(x,\/az - x%)dx = aff(asinu,acosu)cosudu, u= sin“g, a>0

FORMS CONTAINING ./a + bx + cx?

4
X=a+bx+cx2,q=4ac—bz,andk=—f
q

Ifg = 0, then /X = /¢ x+—2%l
71'21% (2/cX + 2¢cx + b)
7 fji= or
VX 122l s
~/5 Ja
238‘[ —12cx+b (c <0)
N vt
239J. 2(2(:x+b)
X

2(20x + b)
240, -[xz NV 2k)
2Q2cx + b)\/_ 2k(n — 1) J~
(2n — 1)gXx" 2n—1 Jx /x
or
Qcx + b)(nY)(n — 1)W1 =t (25
qlen)/x r=o (4kXY(r!)?
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INTEGRALS (Continued)

_ Qex + b)/X L.[ dx
242. fﬁdx-————4c + 5 T%
_ (ex + b)/X 3 3 [ dx

) (2cx+b)\/_(2 5X 15) 5 [ dx
244. J'X\/—d X 16k3fﬁ

8k2

2 b)Xx" 2
Qex + b)X"\/X n+1 X1 /X d

4n + 1) 2n + 1)k
or
24s. fx"ﬁ dx = @2n +2)! [k(Zcx + b)/X 2 rir + 1)IEkXY
[(n + 1)1*@k)y*! c S @r+2)
dx
%]
xdx X b [ dx
| NG
xdx 2(bx + 2a)
247. = -
vf xJ/x a/X

x dx \/_)E b dx
248. f = _(2n—1)cX"_fonﬁ

x*dx _[x 3b 3b% — 4ac [ dx
7% z—c‘:@)ﬁ*“—w N
280 J‘ x*dx _ (2b* — dac)x + 2ab IJ' dx

Xﬁ cq\/}?

J‘ x*dx _ (2b* — dac)x + 2ab N dac + (2n — 3)b2J‘ dx
x"/X (@n-egx" /X @2n — l)cq X1 /x

x3dx [x* Sbx 5b* 2a 3ab  5b3
252, f S B . b _ b
3¢ 12c2 83  3c? 16¢3

249.

N

251.

= —x" 1 X
nc

253.

J‘x"dx | S _(2n——1)bJ' x""ldx (n—l)aJ' x""2dx
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INTEGRALS (Continued)

254 Jx\/—dx_x\/_ b(2cx+b)\/—

4ck \/—

255. fo\/_dx—Xc ——fxfd
256. f xX"/X dx _XX f X /X dx

(2n + 3)c

5b X\/— — 4ac
2 -
257. J.x JXdx = (x 6c) 2 T J.\/}dx
258. f dx = — _I_]OEM‘}’ (a>0)
x/X \/:z x
dx bx + 2a
259, J‘ ( , (a<0)
x\/— v - a Ix/—q
260.de VA SN
x/X bx
261.de _____\/_}_bj‘dx
x3 /X ax 2aJx /X
X dx
262. f‘/- - f f

263,f\/{dx=_£+éf_dx_+cfﬁ
X X 2 x\/} \/}

FORMS INVOLVING ./2ax — x?

264. f./Zax—x’dx=%[(x—a)./2ax—x2+a2sin“x,a—l ]

4a—x
|al

Cos

dx
265, f—— -
V2ax — x?
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INTEGRALS (Continued)

[ n—1 2
x""1Q2ax — x¥)* (2n+1
- ( x) +(n Ja x"" 1 /2ax — x*dx
n+2 n+2
266. fx" 2ax — x%dx = or
n+1 n UpN2n—rt+t
\/m[x _ Z (%n-f—l)(r)a" <
n+2 ,52"7Q2r + )i(n + 2)!n!
@2n+ NWa"t? . _  x—a
sin~?!
2"nl(n + 2)! la|

- J'./Zax—xzd (2ax — x?)* n-—3 J‘,/2ax—x
xll

3G —2nax T @n - 3a

1 /2ax — x? a(2n — I)J‘ dx
\/2ax - x2

n
268. J‘Ld"—= or

/ — 2
2ax = x enr i — 1)la""
2ax — Z

1 2EninY?

r—

+ @n)la" sin-1 xX—a
L 2%(n')? lal

~/2ax—x2+ n—1 J’ dx
a(l = 2n)x"  (2n —1)aJ x*~1_/2ax — x?
269. fxT_idx—z = or
ax = x Y ey Z 19m=r(n — 1)In!(2r)!
ax X (2")'("')2 n— rxr+l

270 J‘ dx _ x—a
" J @Qax — x?? a? 2ax — x?
xdx x

. |
(2ax — x?) a,/2ax —x?

MISCELLANEOUS ALGEBRAIC FORMS

dx
272. J.————— =log(x + a + /2ax + x?)
J2ax + x?
273. f,/ax +cdx = ,/ax +c+7—log(x\/5+,/ax + o), (a>0)

-1 (x,/ —‘c-') (@< 0)

274. J-\/ax + cdx = ‘/ax +c+
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INTEGRALS (Continued)

[

J1 = x?
1 Jax" + ¢ — \/E
Jax" + ¢

+

,/ ax" + —\/E
s 0
nﬁ Y
dx 2
2717. = t
J‘xﬂ/ax"+c n,/—csec
dx 1
278. J:/;I;——Z_——H = ﬁlog(x\/t; + \/axz + C), (a > 0)
dx 1 L a
279.J = +c= _asm ‘(x/—;), (a <O)‘

x(ax? + )"t Q2m+ 1)
Wm+ ) T 2mt 1)

or

@m + DYr1iemr
2 +4 =
280. f(ax +o"ttdx =S x/ax* + ¢ 2 2’“m'(m+ T l)'\ax + oy

_ax” (c<0)

f(axZ + )" tdx

L m+ e J-
22"+ Ly im + 1)! \/axz +c
(ax + )t
m+ 4 A A
281. J.x(ax + )"t ¥dx Gm+ 3
(ax? + )"t N I(axz + c)"'"*d
Cflax? + o)t 2m + 1 ¢ X x
282. f————dx = r ( ror
moemrax? + ¢
Jax® + ¢ + "'“f
rZ 2r+1 x/ax? + ¢
x + 2m — J‘
J @2m — De(ax?® + )" * 2m — 1)cJ (ax? + cy"~ 1
X
o [
(ax? + cym*? or
x m-122m=2r=1Gm — 1)!m!(2r)!

Jax* + ¢ rz=o @m)Y(r!)*c™"(ax* + cf
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Calculus

INTEGRALS (Continued)

dx _ Jax? + ¢ (m—2)aJ‘
x™Jax? + ¢ (m—Dex™" ' (m— 1)) xm- 2,/ax +c

1+ x? x\/f+,/l+x

1—x2),/1+x f 1—x?
w_!_—.__..{.z___dx —Ltan—l.__x__[z__
(1 + x3)/1 + x* V2 J1+x*
x 2 a+ /x"+ a*
x\/x"+a2_ na Jx"

2
x./—“‘“x_a naJx

FORMS INVOLVING TRIGONOMETRIC FUNCTIONS

. 1
(sin ax)dx = — —cos ax
a

|
(cos ax)dx = —sin ax
a

1 1
292, f (tan ax)dx = ——logcos ax = —log sec ax
a a

1 1
293. J.(cot ax)dx = —logsinax = ——logcscax
a a

1 1
294. f(sec ax)dx = ;log (secax + tanax) = ;log tan (; + ﬂ)

2

1 1
295. f(csc ax)dx = p log (csc ax — cotax) = p log tan %x

s [

l .
297. f (sin® ax) dx = _32(008 ax)(sin ax + 2)

298. J‘ (sin* ax) dx = T

299. f(sm ax)dx = —

1 1 1 1
(sin? ax) dx = — 55 Cos ax sinax + 3X=5%X ‘-‘;sin 2ax

3x sin2ax + sin 4ax
4a 32a

n-1

sin ax cos ax

-1
+ ‘e f(sin"' 2 ax)dx
na n

419
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INTEGRALS (Continued)

 om _ _cosax"! Qm)'(r1? et 2m)!
300. f(sm ax)dx = , r; P70, + D)l ')ZSI ax +2’Tm!)7x
. amt1 _cosax ™ 23T I(m1)2(2r)1 2
301. f(sm ax)dx = — a & Om T DIC) sin®" ax
302 J\(cos2 Ydx = ! sin ax cos ax + 1x-1x+ ! sin 2ax
. P = 2 R R
1
303. J (cos® ax)dx = z(sin ax)(cos? ax + 2)
304, f (cos* ax) dx = ¥ 4 Sn2ax _ sin dax
4a 32a
1 _ . n-1
305. J (cos" ax)dx = Ecos" ! ax sin ax + f (cos"" 2 ax) dx
sinax ™! 2m)!(r!)? (2m)!
306. f 2 4x) dx = 24t g 4
(Cosax)dx === ¥ swergy 4 Dm0 F Smm
I _sinax & 227 2(m1)%(2r)!
307. f(cos ax)dx = a 2 Gmt DI cos? ax
d 1
308. f - 2’-‘ = f(cscz ax)dx = — —cot ax
sin? ax a
J' f(csc Yy 1 cos ax + m-—2 dx
ax)dx = — .
sin" q (m—1)a sin" " tax m—1Jsin™ 2ax

1 122m=2r= 100 _ 1) imi(2r)!
2m - _ _
310. jsm’"’ f(csc ax) dx S cos ax ';0 e i ax

311. J'W f(CSCZM+1 ax) dx =

1cos mz_:l @m)l(rt)* l (2m)! log tan ax
ax 22m lr(m')2(2r+ l)'sln2r+2 22n|( ')2 g 2
d
312. X f(sec ax) dx =1tan ax
cos? ax

1 i -2 d
313. J‘ X __ f (sec" ax)dx = . sm_c:x + z _xz
cos" ax (n—1a cos" tax n—-1J cos" 2ax

dx 1 122m=20= 1 _ 1) 1m12r)!
4 | X 2m gx) dx = -
3 cos?™ ax f (sec™ ax) dx sm ax ,;0 (2m))(r!)? cos® *1 gx
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INTEGRALS (Continued)

dx
15 | —2* =f 2m+1 -
315 fcosz" Ty (sec ax) dx

l sin ax mil 2m)!(r)?
a S0 272 (m )2 (2r + 1) cos¥ 2 ax
1 (2m)!
a 2*™(m!)?
316 j(sin )(s'n n )d _ Sin(m - n)x _ sin(m + n)x
. mx)(sin nx) dx = o —n) m )
sinfm — n)x  sin(m + n)x
317. f(cos mx)(cos nx) dx =

2(m — n) 2m +n)’
) ,
318. I (sin ax)(cos ax)dx = %a sin? ax

cos(m — n)x  cos(m + n)x

319. f (sin mx)(cos nx)dx = —

2(m — n) 2Am +ny ’
. 2 2 L. x
320. | (sin?ax)(cos® ax)dx = — —sindax + —
32a 8
m+ 1
321. J‘(sin ax)(cos™ ax)dx = — H
sam+1
322. J.(sin"‘ ax)(cos ax)dx = H
cos™ !axsin"*! ax
(m + n)a

323. J.(cos"' ax)(sin" ax) dx = { or

log (sec ax + tan ax)
(m* # n?)

(m* # n?)

+ m-1 f (cos™ 2 ax)(sin" ax) dx
m+n

J(cos"" ax)(sin"~ 2 ax) dx

sin" ! ax cos™* ! ax
(m + n)a
n-1
m+n
cos™* ! ax m-—n+2 cos™ax
T (m-Dlasin"lax n—1 J'sin"‘2
324, fi‘”:'ldx =l o
sin" ax
cos™ 'ax m— lJ‘cos"‘"axd
a(m — n)sin"~ ! ax + m—nJ) sin"ax
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325,

326.

327.

328,

329.

330.

331.

332,

333.

334.

335.

336.

337.

Calculus

INTEGRALS (Continued)

sin™* ! ax m—n+2J‘ sin™ ax
] a(n — 1)cos" ' ax n—1 cos"” 2 ax
sin™ ax

" = or
cos" ax o A
sin™ " ! ax m— lJ‘sm"‘ ax
- - X
am — n)cos" lax m—nJ cos"ax

1

sin ax
d =
acos ax

sec ax

J

cos? ax a

sin? ax 1. 1 n  ax
dx = — -sinax + —logtan |~ + —
cos ax a a 4 2
J‘ cos ax _ 1 csc ax
sinfax = asinax a
dx 1
—— = —logtanax
(sin ax)(cosax) a

J- dx _1 cax + logta i
(sin ax)(cos’ax) a secax glan=

X

J‘ dx _ 1
(sin ax)(cos"ax) a(n — 1)cos"!

J‘ d
ax + (sin ax)(cos" % ax)

dx 1 1 . ax
f Gin?ax)(cosax) 2 + ;log tan (Z + 7)
dx 2
f (sin? ax)(cos? ax) -7 ;COt 2ax
) 1
" a(m — 1)(sin™ " * ax)(cos"™ ! ax)
m+n—2 dx
m-—1 (sin™~2 ax)(cos" ax)
J‘ dx
=4 o
sin™ ax cos" ax .
a(n — 1)sin™ " ! ax cos" ! ax
m+n—2 dx
L T n-1 fsin"'ax cos" 2ax

f sin(a + bx)gdx = — %cos(a + bx)

fcos(a + bx)dx = %sin(a + bx)

F —tan il
st

J‘ dx _+1
lisinax_ a
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INTEGRALS (Continued)

338. szltanﬁ
1+cosax a 2
339. f_‘fi‘__= 1o
1 — cosax a 2
P
2 tarrlatan§+b
a? - b? \/m
7340. Ja +‘li7xsinx = or
) atan= + b — /b? — a?
> 2log
Vb -a atan—-+b+\/b—2—_—?

d
341 fa + b)i:osx = o
{ \/bz—aztan;+a+b
log

b? — a? \/bz—a’tang—a—b

dx
*uz.f ,
a+ bsinx + ccos x

( 1 b—\/b2+02—az+(a—c)tan)2—‘

108 , fa®<b*+cta#c
b2+cz—a2 2 2 3 X
b+\/b+c——a+(a—c)tan§
or
x
=9 2 b+(a—c)tan-
tan~! s ifa?> b2 +¢?
Jat —b* - c? Jat —b? —¢?
or

1[a - — (- o)si
a—(F+c)cosx — ( c)ssnx]’ fa? b4 clare
a— (b —cjcosx + (b +c)sinx

a

\

. sin? x dx =1 a+bt _1‘ a . X
343'fa+bcos’x by a ¢ a+bp X Ty (ab > 0, or |a| > |b])

* See note p. 403
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INTEGRALS (Continued)

dx 1 btan x
*34, = —tan
Jazcoszx Y blsin’x ab " ( a )

345, j‘ cos? cx dx=,/a2+b2tan_‘,/a2+b2tancx__i

a® + b?sin®cx ab®c a b?

sin ¢x cos ¢cx 2 .
log (a cos® cx + bsin? cx)

T X =
acos® cx + bsin? cx 2¢(b —- a)

COSs cX dx
. - dx = | ——4—8mM—— =
acoscx + bsincx a + btancx

1
m[acx + blog(acoscx + bsin cx)]

f sin cx J‘ dx
. - dx = f ————— =
asincx + bcos cx a + bcotcex

1 .
m[acx — blog(asin cx + bcos cx)]
1 logctanx+b—,/b2—ac
2/b*~ac ctanx+b+ /b —ac
(b? > ac)
or
dx
*349. =
J-acoszx+2bcosxsinx+csinzx ﬁ ! tan_lctanx+b’ b? < ac)
Jac —b? Jac —b?
or
1
- b2 =
ctanx + b’ ( ac)
sin ax 1 T _ ax
l+smax =¥ aan(4+2
dx = tan( F )+ log tan
(sinax)(1 + sinax) a 4+ 2 a & 2
1 n  ax 1 n  ax
. | ——— = - —tan|- — —| — —tan3|- — —
352 f(l + sin ax)? 2a tan(4 2 6a an (4 2

dx L 1 n  ax 1 n  ax
353.[———. =5-cetfz — | + —cot’ |7 ——
(1 —sinax)? 2a ce ‘4 2 ) + 6a ° (4 2 )

sin ax n ax) 1 s (n ax

1
e dx = — —tan [~ -2
354 f(l + sin ax)? dx 2" (4 2

* See note p. 403.
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35S. f(lil,ax—dx = ——l—cot(T—t ax) + Lc t3 (E il
a

— sin ax)? 2a 4 2 6 4 2
sin x dx
[
a+bsinx b b a+ bsinx
dx l x b dx
357. .[ ~f———
(sin x)(a + bsin x) a 408ty 2 a + bsin x
bcos x a dx
358. f - = f
(a+bsmx)2 (az—bz)(a+bsinx)+a2—b2 a + bsin x
359 J’ sin x dx _ acos x + b f dx
"J(@+bsinx)?? (b2 —a*)a+ bsinx) b*—a*Ja+ bsinx

T = tan
az + b2 Sln2 cXxX ac\/az + b2 a

*360. J‘ dx 1 _;V/a* + bttancx

1 _;J/a® —bPtancx (@ > b?)

tan~ ' Y—uo —

P ac/a® — b? a
x

*361. J"——— = or
a®> — b?sin? cx

1 Jb* —a*tancx + a @ < b?)

log ,
2ac\/b? —a®> ~ /b* —a’tancx —a

362. f cosax x—ltana—Jf
1 + cos x a 2
1
363. —g{s—gi——dx = —-x — —cotﬁ
1 — cosax a 2
dx 1 n  ax 1 ax
364. =—logtan|- + —| — —tan—
{cosax)(l + cosax) a ¢ “(4 2] " a3
dx 1 n  ax 1 ax
365. —logt —] — —cot—
(cos ax)(1 — cos ax) a og fan (4 + 2 aco 2
ax 1 ax
366. f—_ = —tan— + —tan3 —
(+cosay 22207 te™ 3
1. ax 1 ax
367- J‘—-————:—_ t._____ t3__
(1 —cosax)? 2272 "6 2
COs ax 1 a 1 ax
368. | —— — —tan® —
(1 + cos ax)2 2a 6a " 2
cos ax 1 a 1 ax
369. | ———— cot — — —cot3 —
A —cosaxP =222 "6 2

* See note p. 403.



426 Calculus
INTEGRALS (Continued)

0. J‘ cos x dx

X aj dx
a+bcosx b bla+bcosx

3 J. dx —llo tan x+n) bJ’_______dx
“Jicosx)a + beosx) a B 2 4] alJa+beosx

372 J‘ dx _ bsin x a J‘ dx
"J(@a+bcosx)?? (B2 —ada+bcosx) b2 —a’l a+ boosx
373 cos x Ldx = zasinx _— b J’ dx
(@ + bcos x) (@® — b*)a+bcosx) a*>—b>J)a+ bcosx
dx 2 a+b cx
*374. = tan~! e
faz + b? —2abcoscx  cla® — bY) an (a - btan 2)
d. 1 t
*375. f R R— tan ! S X
a® + bcos’cx  ge/a? + b2 Ja + b?
( 1 atancx
tan ™! s (@ > b?)
i ac/a* — b? a? — b?
X
*376. | V——r——— =
J-a2 “hcoslex ) or
1 atancx — /b? — a?
lo , b? > a2
| 2ac/b* — a? gatan cx + /b — a? ( )

i 1
377. f _Smax dx = F —log(l + cos ax)
1 + cosax a

cos 1
378. f——,fi—dx = + -log(l + sin ax)
1 + sinax a

379 f dx -+ + L logtan &
" Jsinax)(I + cosax)  — 2a(l + cosax) | 2a "7
dx 1 1 n
80. J. - = I - —1 t: - —_
. ) Cosan(d Tsiman) ~ T 2a tonay | 2" a“(4 32 )
sin ax 1
. dx = -1 +1
381 (cos ax)(1 + cos ax) x a 0g (secax + 1)

cos ax ix
" J (sin ax)(1 + sin ax)

1
382 = — Elog(cscax +1)

83 L SN N P tan(E + “")
" J(cosax)(1 +sinax)  2a(l +sinax) ~ 2a g 4 2
x

cos ax 1
X
(sin ax)(1 + cos ax)

1 a
= ————— 4+ — logtan —
2a(1 + cosax) ~ 2a ogtan 2

* See note p. 403.



Calculus

INTEGRALS (Continued)

dx 1 ax m
38s. J. . = logt — + =
sinax + cosax ¢ /2 °8 an(z —8,

dx 1 n

386. f—~—— =_—t F-
(sinax + cosax)®? 2a an (ax + 4)

387. f x _ _
1 + cosax + sinax

1 ax
+ -log|1 + tan —
a 2

388 J’ dx _ 1 o btancx + a
a?cos?cx — b?sincx  2abe gbtan cx —a

. 1 x
389. fx(sm ax)dx = —sin ax — —cos ax
a a

a*x® -2

. 2x
390. fxz(SIn ax)dx = —sinax — ——=——cos ax
a a
. 3a%x? — 6 a’x3 — 6x
391. J.x:’(sm ax)dx = ————sinax — ————cos ax
a a

.

l m m m-—1
——x"cosax + — | x cos ax dx
a a

or
m
[3] m-2r

m! x
—ytt
cosax ) (=1t
m-—1

392. fx"' sinaxdx =

m! X

m—2r—~1

+ sin ax ';) (—l)'(m e —h

Note: [s] means greatest integer < s; [34] = 3, [3] = 0, etc.

1
393. f x(cos ax)dx = p cos ax + gsin ax

2xcosax a*x* -2 .
394, fxz(cos ax)dx = 5 s sinax
a a
3a’x? -6 a®x3 — 6x .
39s. J. x*(cos ax) dx = ———cos ax + ——5——sinax
a a

x"sinax m __. . J
—a g X 'sinaxdx
=
2 ] m—2r
< . m: X
396. fx"'(cosax) dx = ) sin axrgo(—l) I T

m!

2r+2

xm—'lr- 1

+ cos ax i -1y

See note integral 392.

r=0 (m —-2r -

n

a

2r+2

427



428 Calculus

INTEGRALS (Coatinued)

sin ax _ (ax)*"*1
7. f dx Z i 1YWY

cos ax (ax)z"
398. J. dx =logx + "Z (- 2n(2n)!

xsin2ax  cos2ax
4a 8a?

x2
399, f x(sin? ax)dx = T

2 x 2
400. f Ysin? ax)dx = — — | — —3) sin 2ax — ﬁzs ax

6 4a 8a a’

xcos 3ax sin3ax 3xcosax 3sinax
1. in? = _ _
40 f xsin® axydx = —7 364 a2 " Tas

2 in 2 cos 2
402. f x(eos? ax)dx = o + T + =
3 2 1y . cos 2
403, J.xz(cosz ax)dx = % + (:—:; - @3) sin 2ax + %2—%
xsin3ax cos3ax 3xsinax 3cosax

404. f 3ax)dx =

x(cos® ax) dx a + 3602 + p + 2
405. J‘sin ax dx = — sin ax _ J‘cos ax

x" (m— xm! m -1

cos ax cos ax a sin ax

406. f dx = ~ - f d
- (m—1x""1 m—1Jx"! X
X COS ax

407. f—.—d =F — l 1+

1 + sinax =+ a(l + sin ax) o8 ( sin ax)

ax ax

408. f————d ——t — l —

1 + cosax x a anz ta ogcosz

X X ax 2 . ax

409. J“f—jc—ogz;dx = — ;CO('? + ;logsm?
ar0. [ ZF 0 xtan

1 + cos x 2

411, ff_—mf*dx = —xcotx
1 — cos x 2

2sinax

a./1 — cosax

5 si
413, J‘JI ¥ cosaxdy = — o 4%
a./1 + cosax

412.f 1 —cosaxdx = —



Calculus 429

INTEGRALS (Continued)
414. f,/l + sinxdx = i2(sin; - cosg),

[use + if (8k — l)g <x <8k + 3);, otherwise — ; k an integer]

415. f 1 —sinxdx = ;tZ(sing + cosg),

[use + if (8k — 3); <x < (8k + l)g,otherwise —; k an integer]

d
416. J———x——= i\/ilogtanf,
J1 = cos x 4

[use + if 4kn < x < (4k + 2)m, otherwise — ; k an integer]

d
417. J————x————= -l_-ﬁlogtan(x+n),
J1 + cosx 4

[use + if 4k — n < x < (4k + D)m, otherwise — ; k an integer]

d
418. f————x——= + ﬁlogtan (E—E),
J1 —sinx 4 8

[use + if (8k + l)g < x < (8k + 5);—, otherwise — ; k an integer]

d
419. f—j—— = + \/Elogtan()—‘ + E),
J1 +sinx 4 8

[use + if 8k — 1)% < x < @8k + 3);, otherwise — ; k an integer]

1
420. I(tan’ ax)dx = ‘-ztan ax — x

1 1
421. f(tan’ ax)dx = — tan? ax + —log cos ax
2a a

tan® 1
422, I(tan“ ax)dx = 9 _ tanx + x
3a a
tan" la

423. I(tan" ax)dx = ————l)f - J‘(tan"~2 ax)dx

an —
K 1
424, I(cotz ax)dx = - cotax — x

1 1
425, f(cot’ ax)dx = — —cot? ax — —logsin ax
2a a

1 1
426. J‘(cot‘ ax)dx = — —cot® ax + —cotax + x
3a a



430 Calculus

INTEGRALS (Continued)
cot" la

427. j (cot"ax)dx = —
a(n —

f (cot"™ % ax)dx

X cot ax

1
428. f dx = fx(cscz ax)dx = — + — log sin ax
sin? ax a

429, f - x dx = fx(csc"ax)dx = — ———f—co—s,qx_——
sin" ax a(n — 1)sin" ' ax
1 (n—2) X
a*(n — 1)(n — 2)sin""2ax (n — 1)J sin""?ax

dx

1 1
430. J- dx = fx(aec ax)dx = — x tan ax + 5 log cos ax
cos? ax a

X sin ax

431. f dx = f x(sec” ax)dx =
cos” ax

n—1

a(n — 1)cos ax

1 n-—2 X

+ d
a*in — 1)(n — 2)cos" 2ax n—1J cos" ?ax x

sin ax 1 . _, bcosax

432.f - in~! ———
1 + b%sin? ax ab J1 +b?

sin ax 1
433. f~——————~dx = — —log(bcosax + /1 — b?sin? ax)
1 — b%sin? ax ab ¢

c
434. f(sin ax)\/1 + b*sinaxdx = — ozsaax‘“ + b%sin?ax

1+b2 _, bcosax
- sin

2ab /1 + b2
435. f(sm ax)/1 — b*sin?axdx = — cos ax\/l — b%sin? ax
— p? _
2 > log (bcos ax + /1 — b?sin? ax)

1
436. f———i‘ﬁ%dx:;l—)log(bsinax+ 1 + b?*sin? ax)

J1 + b¥sin? ax

7. cosax dx = — sm ~1(bsin ax)
:;l — b*sin?ax
438. f(cos ax)/1 + b*sinaxdx = s1t21:x 1 + b?sin?ax

+ 2——5I0g(bsmax + /1 + b%sin?ax)




Calculus 431

INTEGRALS (Continued)

i 1
439. J.(cos ax) /1 — b?sin? axdx = oo J1 = b?sin?ax + —sin~! (bsin ax)
2a 2ab

+1 ~—1( a—b
sin

d
440. f X = sin (‘x), (@ > b))
\/a+btan2cx cJa—b

[use + if 2k — 1); <x <2k + l)g, otherwise — ; k an integer]

FORMS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

/1 — 242
441. J‘(sin'l ax)dx = xsin"'ax + vo—ax

a

1 — a%x?

442, I(cos“ ax)dx = xcos™'ax — A
443. f(tan'l ax)dx = xtan~!ax — Elalog(l + a’x?)
444, f(cot‘l ax)dx = xcot 'ax + ;;log(l + a’x?)
445. J.(sec‘l ax)dx = xsec” ! ax — %log(ax + \/E:T?'l)

1
446. f(csc‘l ax)dx = xcsc™ax + ;log(ax + Ja*x? - 1)

447. f sin“z) dx = xsin"' X 4+ /a? -x%  (@a>0)
a
448. f cos“z dx=xcos";§-—./a2 —x2,  (a>0)
40, | [tan-1Z dx=xtan“‘f—glog(a2+x2)
a a 2
450. f cot~ '3} dx = xcot=1 X +glog(a2 + x?)
a a 2

451. J‘x[sin"(ax)] dx = #[(Zczzx2 — 1)sin"Yax) + ax /1 — a®x?]

452. f x[cos ™ !(ax)] dx = 4—‘11—2[(2a2x2 — 1)cos ™ Y(ax) — ax, /1 — a®x?



432

453.

454,

455.

456.

457.

458.

459.

461.

462.

463.

465.

Calculus

INTEGRALS (Continued)

fx"[sin"(ax)]dx = ! sin " !(ax) — f X dx n# -1
n+1 n+1J /1 - a?x?

fx"[cos"(ax)] dx = :: 11 cos ™ ax) + , : n f\/);_n:l%; (n# —1)

fx(tan"‘ax)dx = %xjtan“ax - Zx—a

J'x”(tan'l ax)dx = :’:ll tan"'ax — "—i—l 1—:_"—;:)‘—2(1)(

fx(cot‘1 ax)dx = l—.;:sz—icot‘l ax + 2%

fx"(cot“ax)dx=::11 cot“ax+n+ i I-—f—;;—zdx

sin~ ! (ax) 1 - /1 —a*x?* sin"'(ax)
[T s = atog p TS

J‘ cos” ! (ax)dx

3 = ——cos” ! (ax) + alog
x X

1+ /1 —a%?
x

tan~! (ax) dx | 1 + a®x?
———— = ——tan"!(ax) — —log————-—
X X 2
J‘cot“axd 1 (-1 a, x?2
———dx = ——cot lax — —log -
x? x 2 %7
2/1 — a*x?
J~(sin“ax)2 dx = x(sin" ' ax)? — 2x + ————a————-sin’l ax
’ 2./1 — a%x?
J‘(cos'l ax)?dx = x(cos ' ax)? — 2x — —a——cos'l ax
) nJ/1 — a’x* .
x(sin~!ax)" + Y—— " (sin" ! gx)"?
a

—n(n — I)J‘(sin‘l ax)’ "% dx

f (sin ™! ax)" dx,= 1 B] o n!
(-1y Py x(sin~ Laxy -2
r=0

u]
2 n! /1 — a®x?

-1 : in—1 n—2r—1
+ X (e in T ax)

Note : [s] means greatest integer < s. Thus [3.5] means 3;[5] = 5,[3] =



Calculus

INTEGRALS (Continued)

_ n/1 — a’x?
x(cos lax)' - Y—" (cos lax)""!
a

466. f (cos™ 'ax)y dx = ["] or
. _- n! 1 n—2r
r=o( 1)’( > )'x(cos ax)
[L;_L] Iy n!'/1 — a*x?
- ,;, (= (n—2r —1)la

1 1
467. J.m(sin’ lax)dx = —z—a—(sin'1 ax)?

xn xn—l xn
468. I——-(sin"ax)dx = ——5/1 —a’x?*sin"'ax + 5
1 — a%x? na n“a
n -1

J-\/l — a*x?
1
(cos™'ax)dx = ——Zz(cos“l ax)?

1
J1 — a*x?
470. f——x"——-(cos“ax)dx = —x—‘/l —a’x?cos lax — >
/l — a2x2 na2 nza

+n—lJ x""2
na®> J /1 — a?x?

tan~ ! ax 1 P
471. f—22—+IdX = Z(tan ax)

t™'a 1
472, J’co dx = ——(cot™ ! ax)?
2a

2 1
473. fxsec"‘axdx =x7sec“ax ~ 552 ax? — 1

xn+l

x"dx

sec”

n+1 n+lfJ

474. I x"sec”laxdx =

-

475, J‘sec‘: ax sec”!ax + Jarx? -1
x

X X

2
x 1
476.J'xcsc“axdx=?csc ax + 5= a’x? -1
2 2a?

xn+1 4 1 x" dx
CsC X —_——
n+1 n+1 \/azxz -1

477, J'x" cesc”laxdx =

cos™!

433

—n(n — I)J‘(cos‘l ax)"~ 2 dx

(cos™taxy !

Vax dx

ax dx



434 Calculus

INTEGRALS (Continued)

ax Ja*x?* -1

X X

oy J‘csc‘: ax . _ _csc“1

X

FORMS INVOLVING TRIGONOMETRIC SUBSTITUTIONS

479, ff(smx)dx = 2ff(l = ) 1 jzzz, (z = tan;-‘)

480. ff(cos x)dx = 2[]( 22) dz {z — tan g)

1+22) 1+ 22

*481. ff(sm x)dx = ~[‘f(u \/_.7 (u = sin x)
*482. ff(cos x)dx = — ff(u)\/——l—i__—;—z, (u = cos x)
*483, ~[.f(sin X, Cos x)dx = Jf(u,,/l — uz)%, (4 = sin x)

1 -2z3 dz x)
484ff(smxcosx)dx—ij(l+22,1+z)1+22, ‘ =tan5

LOGARITHMIC FORMS

485. J(logx)dx =xlogx — x

2 2
486. fx(logx)dx = %—]ogx — );—

3

3
487. f x*(log x) dx = %logx - %

n+ 1 xn+l

x
488. (1 = -
fx(ogax)dx n+llogax T

489. f(]og x)? dx = x(log x)* — 2xlog x + 2x
x(logx)" — n f (log x)" ! dx, n# -1
490, J. (log x)"dx = or

(=1)'n!x Z log x)’

* The square roots appearing in these formulas may be plus or minus, depending on the quadrant of x. Care must
be used to give them the proper sign.
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INTEGRALS (Continued)

1 " 1
1. f (log X" v = (log x)"**
x n+1
dx (log x)> (log x)?
492, l—— = log (log x) + log x + 571 + 331
d
493. f X _ log (log x)
x log x
dx 1
494. = —
J x(log x)* (n - 1)(log x)*~*
495 xmdx xm*1 N m+ 1 x™dx
“Jogx)  (n—I(ogxy~'  n-—1J(logxy!
x"*(log x)" n J‘ _
- x"(1 'd
m+ 1 1 (log xy X
496. f x"(log x)"dx = or

& (—logx)y

( l)n n! m+ 1
I L T

497. fsin(log x)dx = %x sin(log x) — %x cos(log x)

498. f cos(log x) dx = 3x sin(log x) + 3x cos(log x)

49. J‘ Hog(ax + b dx = =L loglax + b) — x

500. J‘log(ax + b)

b
2 dx=§logx—ax+

log(ax + b)

50

It

m+1
. fx"‘[log(ax + b)ldx = ——I—[x"'“ - (—-é) ] log(ax + b)
m+ 1

m+1 m+ll ax
m+1(—_) ,nl r( b

log(ax + b) 1 log(ax + b) 1 m-1  ax+b
, | ————dx = — -
502 f " x m-1 x! m-—l( b) log
m—1 m— 21
P --) (__.) m>2)
- m—1 Pl ,r

503. f[log%] dx = (x + a)log(x + a) — (x — a)log(x — a)

' xmtl _ (g1 m+1 _ om+1
504, fx"[]ogit—Z]dx:—m-ilLlog(x+a)—f—m—+l—log(x—a)

2am+l [’:thl] m—2r+2
+m+1 = m—2r+2(2’




436 Calculus

INTEGRALS (Continued)

1 + 1 - 2
505. ]—z[logx a] dx = —logx a
x x—a X “x+a

1
— —log
a

xZ

. _
‘x+£’logX—2x+\/‘ac_bztan‘l 2x+b .
2c c \/m
(b? — 4ac < 0)
or
506.f(logX)dx=<(x+£)logx_2x+ bz_4actanh" 2cx + b
2c m’
(b* — 4ac > 0)
where
X=a+bx+cx?
n+1 n+2 n+1
507.J.x"(logX)dx=nx+llogX—niCl "X x-nil XX dx

508. f[log (x* + a?)]dx = xlog (x* + a?) — 2x + 2atan~'>

509. j[log (x* — a¥]dx = xlog(x? — a?) — 2x + alog

where X = a + bx + cx?

a

x+a
X —a

510. J.x[log (? £ a})]dx = §(x? + a?)log (x? + a?) — ix?

511. J‘[Iog(x +/x* £ a%)]dx = xlog(x + /x? + a?) — VXt +a?

2 2 2 2
512. J' xflog (x + /x* + a?)]dx = ("7 + “7) log(x + /X2 £ a) — x—m—\’x“i“

513, fx"'{log (x + /X% + ad)dx = =

m +

-

+1
llog(x + /x% + a?)

m+ 1

_ 1 J’ x
m+ 1 \/xz

dx
+a?

s14 flog(x+,/x2+a2)dx_ log (x + \/x* + a?) lloga+~/x2+a2
) x2 T x Ta . x

1 X
_sec —

log (x + \/x% — a?) log (x + /x? — a?)
515, A dx = — +
x x

la| a



Calculus

INTEGRALS (Continued)

s16. J‘x"log x2—a

"
[]a X" 2r+ 17

oh—2r+1

—(—ay'*llog(x + a) — 2 Z

EXPONENTIAL FORMS
s17. fe" dx = e*

518. f Tr¥dx = —e™*
519. fe‘“dx-—-

520. Jxe""dx = fa—z(ax -1

xne —ﬁfx"'"e"‘dx
a a
521. jx"'e‘"‘dx = or
m mix™""
¢ ,;0(—1)’(",._7)!“'“
e dx ax a*x* a3x?
. =1 — .
SZZJ ogx+l!+22+33'+
e 1 e
A ax = -
523 J.x"'x m-—lx"'"‘+m—1

524, J‘e""logxdx—eaxlogx f—dx

dx e
= -— =I
7o x — log(l + €% og1+ex

525.

X 1
=-__= beP*
526. J.a+be”‘ p aplog(a+ eP*)

X 1 - x\/E)
527.fae""‘+be""" -m\/a_btan (e"' 5 (@a>0,b>0)
) ;1 fe'"—f

2m\/_ \/'e""‘-i—\/-

dx
b [ oS

-1 a .
tanh~! (fﬂ*), (@>0,b>0)
ab b

437

1
l[x"“ log(x? — a%) — a"*'log(x — a)

|



438

529. f(a" —a ¥dx =

Calculus

INTEGRALS (Continued)
a* + a*
loga

e 1
. dx = —1 *
530 b T oo x p” og (b + ce™)
eax X
531, [ ¢

532.
533. J‘ **[sin (bx)] dx =

534. .[ e®* [sin (bx)] [sin (cx)] dx =

53

17

536.

53

~

538.

d =
A +ax? ™~ a1 + ax)
fxe"‘zdx = —}e ™

e**[asin (bx) — b cos (bx)]
a* + b?

e*[(b — c)sin(b — ¢)x + acos (b — c)x]
2[a* + (b ~ ¢)?]
e[(b + ¢)sin(b + ¢)x + acos (b + c)x]
. 2[a® + (b + o]
easin(b — ¢)x — (b — c¢)cos (b — ¢)x]
2[a® + (b — ¢)*]
e“[asin(b + ¢)x — (b + c¢)cos (b + ¢)x]
2[a® + (b + ¢)]

or
2

where

. '[e" *[sin (bx)] [cos (cx)] dx = 1 g;—[(a sin bx — bcos bx)[cos (cx — a)]

—¢(sin bx) sin (cx — a)]

f e**[sin (bx)][sin (bx + ¢)] dx

p= (az + bl _ C2)2 + 40262,

pcosa = a* + b* — ¢?, psina = 2ac

_ €% cosc  e™[acos (2bx + ¢) + 2bsin 2bx + )]

2a

. fe""[sin (bx)][cos (bx + c.)] dx

2(a® + 4b?)

—e**sinc + e*[asin (2bx + ¢) — 2b cos (2bx + c)]

2a

X

j e**[cos (bx)] dx = a-z—e%—b—z[a cos (bx) + bsin (bx)]

2(a® + 4b%)



539. fe‘”‘[cos (bx)][cos (cx)] dx =

INTEGRALS (Continued)
e*[(b — c)sin(b — ¢)x + acos (b — ¢)x]
2[a’ + (b - )]
&[(b + ¢)sin(b + ¢)x + acos (b + ¢)x]
2[a® + (b + ¢)*]

540. J. e**[cos (bx)][cos (bx + c)] dx

_e™cosc + e**[a cos (2bx + ¢) + 2bsin (2bx + ¢)]
T 2a 2a® + 4b?)

541. fe""[cos (bx)](sin (bx + ¢)] dx

542. f e**[sin" bx] dx =

543. .[ e*[cos" bx] dx =

1
a? + n?b?

_ e**sin ¢ + e™[a sin (2bx + ¢) — 2b cos (2bx + c)]
T 2a 2(a® + 4b?)

[(a sin bx — nb cos bx) e** sin" " ! bx

+n(n -—.l)bZJ.e"‘[sin"'sz] dx]

1
m_z[(a cos bx + nb sin bx) e”* cos" ™! bx
n

+n(n — 1)b? f e**[cos" ™ 2 bx] dx]

1
544. fx"'e‘sinxdx =5x"'e"(sinx — COs X) —;fx”"fsinxdx

545. f x™ e**[sin bx] dx =

+’—;-J’x”'"‘e"cosxdx

asin bx — bcos bx

a’ + b?
7 +b2fx”' e (asin bx — b cos bx) dx
or
& z%sm[bx—(r+ 1]
where
p=./a*+b%, pcosa=a, psina=>b

1
546. fﬂfcosxdx —Ex"'e"(smx + cos x)

—-—jx"' e*sin x dx ——-Ix"' ‘e"cosxdx
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Calculus

INTEGRALS (Coutinued)

(

X" e

acos bx + bsin bx
a® + b?

- aT%J‘x"‘" e (a cos bx + b sin bx) dx

547. J‘x"'e""cosbxdx =9 orr o
& rgogp—,%m—’%cos [bx — (r + 1)a]
where
p=<Ja*+b? pcosa=a, psina=b
"~ {e*cos™ ! xsin" x[acos x + (m + n)sin x]
(m + n)? + a*
ha P m—1 H !l*-‘l
—Wf (cos x)(sin"" ! x)dx
%:—l%n—)f e"*(cos™ 2 x)(sin" x) dx
or

548. f e**(cos™ x)(sin" x) dx = <

e cos™ x sin"~ ! x[a sin x — (m + n)cos x]

(m + n)?> + a®
ma
W J e(cos™ ™! x)(sin"" ! x) dx
m—nm+mfx -
m+n?+a e"*(cos™ x)(sin"~# x) dx
or
e**(cos™ ! x)(sin"~ ! x)(a sin x cos x + msin? x — n cos? x)
(m + n)* + a®
m{m —.1) J‘ =2
m+n+a e*(cos™ ™ % x)(sin" x) dx
nn —1) J’ N .
mtnf+a e"*(cos™ x)(sin" 2 x) dx
or

e™(cos™ ™ ! x)(sin" " ! x)(acos xsinx + msin?x — ncos? x)
(m + n)* + a?

m(m — 1)
(m + n)® + a?
n—m@n+m-—1)
m+ n) + a®

J e**(cos™™ 2 x)(sin" 2 x) dx

J‘ e**(cos™ x)(sin"~ 2 x) dx
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INTEGRALS (Coatinued)

s x e .
549. Jx e™(sin bx) dx = m(a sin bx — b cos bx)

—m[(az — b?)sin bx — 2ab cos bx]

X

ea
550. f x e**(cos bx)dx = —5{——~—2(a cos bx + b sin bx)
a*+b
~ @
ss1 J’ o dx = _e""[asinx+(n—2)cosx] a + (n—2)? &

n—2

— b?)cos bx + 2ab sin bx]

sin"x (n—1)(n - 2)sin"" ' x (n—1n—2)J) sin" 2x
X X — — H 2 _ 2 X
552, J’ e dx = — e*[acos x —(n 2)_sm x] a*+@n-2) e"_
cos” x (n—1)(n—2)cos" ' x (n—1(n—-2)J) cos" ?x
t n—1
553. fe‘”‘tan"xdx P B lx -1 " fe“"tan"'1 xdx — fe""tan"’zxdx
n-— n-—

HYPERBOLIC FORMS

554. J.(sinh x)dx = cosh x

585. f (cosh x)dx = sinh x

~ 556. J (tanh x) dx = log cosh x

557. f (coth x) dx = log sinh x

558. f(sech x)dx = tan~! (sinh x)

559. Icsch x dx = log tanh (;)

560. fx(sinh x)dx = x cosh x — sinh x

561. J'x"(sinh x)dx = x"coshx — n J. x"~Y(cosh x) dx
562. J. x(cosh x)dx = x sinh x — cosh x

563. '[x"(cosh x)dx = x"sinh x — nJ,x""(sinh x)dx
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INTEGRALS (Continued)

564. f(sech x)(tanh x)dx = —sech x

565. f (csch x)(coth x)dx = — csch x

sinh2x x

4 2
(

566. f (sinh? x)dx =

" n(sinh"'* ! x)(cosh™ ™! x)

n—1
m+n

f (sinh™ x)(cosh™ ™2 x) dx
567. f (sinh™ x)(cosh” x) dx = J

or

sinh™~ ! x cosh"*! x

+n
m—-1f
e f (sinh™~2 x)(cosh” x)dx, (m + n # 0)
m+n
( 1
(m — 1)(sinh™ ! x)(cosh"" ! x)
m+n-—2 dx {
m—1 J s ity MFD
dx
568. f‘T'—"‘___‘—’=
(sinh™ x)(cosh" x) poor
1
(n — 1)sinh™ ! x cosh"~ ! x
m+n—2 dx 1
\ n-—1 (sinh™ x)(cosh” 2 x)’ (1)

569. f (tanh? x)dx = x — tanh x

tanh™ !

570. I (tanh” x)dx = — = lx + f (tanh"2x)dx, (n# 1)

571, f(sechz x)dx = tanh x

inh 2
572. f(coshzx)dx =sm4 X +;

573. f (coth? x)dx = x — coth x

coth" ! x

574. I (coth" x)dx = —
n—1

+ f‘coth"“’xdx, n#1)
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INTEGRALS (Continued)

575. J. (csch? x)dx = —ctnh x

] . _ sinh(m + n)x _ sinh (m — n)x 2 2
576. f(smh mx)(sinh nx) dx = 2Am + 1) A= (m* # n?)
_ sinh(m + n)x  sinh(m — n)x 2 5
§77. J-(cosh mx)(cosh nx)dx = 2m 1) m—n) (m* # n®)
. _ cosh(m + n)x cosh(m — n)x 2 2
578. f(smh mx)(cosh nx) dx = 2+ ) P — (m* # n®)

579.f(sinh-'f)dx=xsinh-'f— Y +a, (a>0)

580. f (smh 1 )dx—(— )smh ‘: 4,/x2+az, {a > 0)

1 xu+l

n+1J 1+ x2)?

581. fx"(smh x)dx.= x+ lsmh“‘x - dx, n# -1
n

xcosh“g—,/x2 — a3, (cosh“§>0)
582, f(cosh ‘a) dx = ¢ or
xcosh“?:'S +/x% —a?, (cosh"z- < 0), (@a>0)

2 2 _ 2
583, fx(cosh" g) ax=2"2¢ cosh”:—: - ;(x2 - a?)t

n+1

_ X _ 1 n+1
584. fx“(cosh 'x)dx = T lCOSh tx —mfmdx, (n# —1)

585. f(tanh ! )dx—xtanh ‘§+glog(a - x?) (I ‘<1)

586. I(coth' )dx—xcoth ‘E+glog(x —a?) ” ’>1)

2 _ g2

W.Jx(tanh“g)dx=x 3 tanh~ 1% ” <1)
B +1 xn+1
588.fx"th‘1 dx = > tanh~' x — f_ , -
(an x)x 1an X P l—x’dx (n#—1)

2 _ 2

589. J-x(coth“f) dx=x a coth™ ‘—+E (f > l)
a 2 2’ a

. xu+l . ’:a+l
590. fx" th™! x)dx = th~ f———— A -
(co x)dx 'H_lco x+n+l x’-—ldx | n# —1)
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DEFINITE INTEGRALS

591. f(sech“‘x)dx = xsech™!x 4 sin™! x

2
1
592, stech“xdx =x?sech“x —5(1 - x?)

+1

x" 1 x"
L] -1 — -1
593.J‘X sech xdx—n+1scch x+mfmdx, (n;é-—l)

594, fcsch“xdx =xcsch™!x + ésinh“x

2
1
595, fxcsch“xdx=f—csch“x+—f— 1+ x?
2 2 x|

n+ 1

1 x x"
hot —f dx, 1
+lcsc x+n+llxl (x2+l)*x (n # )

596. fx"csch“xdx =:

DEFINITE INTEGRALS

) 1 1 n—1 1 © (1 +;n—)
597._( xn-le-*dx=f (log—) dx = ] 2L
o 0 X Ny=1 1 _'1
=I(n),n+#0 -1,-2,-3,... (Gamma Function)
@® n!
598.f t'pTrdt = ————, (n=0,1,2,3,...and p > 0)
o 7“7 llogpr™
© I'(n)
X lem@t gy = R 0, -1
599 fo e @iy (n>0,a> )
t 1\ I'n+1)
600. J; x"‘(log;’ dx =W’ m>—-1,n> —1)

601. I'(n)is finite if n > 0, I'(n + 1) = nI'(n)

602. I'(n)- I'(1 — n) = -
sin nn

603. I'(n) = (n — 1)! if n = integer > 0

604. T(}) = 2f e dt = \/n = 17724538509 - - - = (—3)!
5

1:3-5..2n—1
605. [(n + ) = 2“(" i =123,

(-02y/x n=123

pu— =
606. T(—n+ =133 @en-1




DEFINITE INTEGRALS (Continued)

o - ®  xm-t L(m)[(n)
m=-1(1 _ y—1 —_ =
607. fo x™ Y1 - x)*"ldx jo T+ x)mﬂdx Fm + )

= B(m, n)

(Beta function)
_ (mI(n)

C(m + n)’
b
609. f (x —ay"(b — xy'dx = (b — ay"*"*?

608. B(m,n) = B(n,m) =

, where m and n are any positive real numbers.

I'm+ 1)-T(n+ 1)
I'm+n+2)
m>—-1,n> —1,b>a)

611. dx = M CSCpT. [p < 1]
o (1 + )x’ P P
© dx
. — = —gcotpnm, 1
612 fo 1 =% ncot px [p<1)
p—1
613. J’ xP"ldx
1+x smpn

=B(p1 —-p)=T(Prad —p), [O<p<l1]
@ -1
614.f"" @ " <m<n
mn

[} 14+ x" mn
a+1-bc a+1 a+1
rle -
615 J‘w x*dx _m[ b ]r( b ) ‘c b )
“Jo m+x b I(c) ’

1
(a>—lb>0m>0c>—;;;—

® dx
616 | ———~=
L (1 +x/x

617. I F“%—, =g,ifa >0;0,ifa = 0; -—;,ifa <0
(1]

2

3 1 " 1-3-5...n n
2 _ L2y2 = 2 _ +2)5 - T . +1

618. J:(a x%)" dx ,ZJ:(a x*)2 dx 746 i) 2 a (n odd)
(
1 oinsinfm+1 n+2
2° B( 2 2

2 _  Nidy —
619.J:x"'(a x¥)idx = | (m+l) (n+2)
a-+n+l

L (m+n+3)
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DEFINITE INTEGRALS (Continued)
x/2
U./ (cos” x) dx
[
or
1-3:5-7...(n = ) =
2.4.6-8...(n) 2

(n an even integer, n # 0)

or
x/2
620.J‘ (Sin"x)dx: 2.46.8(,1_1) .
s d .
o 1-3-5-7...(n) (n an odd integer, n # 1)
or
l_n+l
Jr\ 2
2 oy )
r(§+1)

621.f 5'-"—'1"—‘15=f,irm>o;o,ifm=o;-’—‘, ifm <0
° x 2 2

622,]‘ cosxdx _

0 pd
623'f tanxdx=1_r
) X 2

624. f sin ax - sin bx dx = J. cos ax-cosbxdx = 0, (a # b; a, bintegers)
0 (/]

625. fm [sin (ax)][cos (ax)] dx = f ) [sin (ax)] [cos (ax)] dx = 0
0 o .

2a

B ifa — bis odd, or Oifa — b is even

626. f ) [sin (ax)][cos (bx)] dx =
o

627, f sin x cos mx dx
0 X

=o,ifm<-1orm>1;4f,ifm=i1;;,ifm2<1
628, J-aosinax:inbxdx=g, (@<b)
° x4 . 2

629.fsin’mxdx=f cos? mx dx = =
o 0 2

© sin? (px) np
630. f de = 7
(1]



631.

632.

633.

634.

635.

636.

637.

638.

639.

640.

Calculus

DEFINITE INTEGRALS (Continued)

447

J‘ smx n 0<p<l
" 2T(p)sin (pr2)’ d
COSX T
0 1
f = 2 (p) cos (pr/2)’ <p<
f”"l-cospx _mp
=3
f smpxcosqxd ___{0, qg>p>0; g, p>q>0; ;, p=q>0}

cos (mx) T it
[, Sraa=qem @0

a0 o0 1
f cos (x?) dx =J sin (x2)dx = - z

] 0 2 2
© . 1

f sin ax” dx —' yvr I'(1/n) sm— n>1
0

f cosax"dx = T F(l/n)cos— n>1
°

sin x ® cos x
—=dx =
1]

O X = T
o Vx SN2

® sin® x 3
f e dx = Zlog3

o

W oin I
641.f smaxdx=37t
(1]

x K}
42 J‘ sin“xd o
‘ 0 x“ x—3
=/2 dx cos™la
643J‘ = , <1
o 1+ acosx /1 — a2 (a )
* d
644f X @>b>0
oa+bcosx a? — b2
2x d 2
645.J‘ X T @<y
o 1 +acosx 1 — g2
646. J"”cosax—cosbxdleogé
0 X a
/2 d
647J‘ 2 ain? > 2.2 =
o a*sin®x + b*cos’x 2ab
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DEFINITE INTEGRALS (Continued)
/2 dx _ n(a®> + b?)

648. . - ]
o (a*sin? x + b?cos? x)? 4a%b®

(a,b > 0)

649. f n""!xcos" !xdx = EB(; r2n) m and n positive integers

2.4-6...02n)
1:3.5..2n+ 1)

1-3:.5...2n - )= _
2@ 5), n=123...)

1 1 1 1
652f > —2{ .11 }
smxdx T3 + 52 72 +

650. I (sin*"*' 0)do = (n=123...)
0

x/2
651. f (sin®" 9)df =

dx n

653.f —_— =
o 1l +tan™x 4

n/2 3
654. f Jeosdo = 2V
0

ré)?

.
hr)’

) hld
[

© -1 - -1
656. J‘ tan™ ' (ax) — tan"! (bx) d

/2
655. f (tan* 0) do = O<h<l
(1]

» =flogf, @b>0) -
x b
h b h

657. The area enclosed by a curve defined through the equation x* + y = a° where
. @ > 0, ¢ a positive odd integer and b a positive even integer is given by

[ e
]

658. I = f f f x*~1ym=1z2~1 4y where R denotes the region of space bounded by
2 .

xl7 w2\
the co-ordinate planes and that portion of the surface (—) + (—) + (—) =1,

which lies in the first octant and where h, m, n, p, ¢, k, a, b, ¢, denote positive

real numbers is given by
( bt

[emras [1UT oy [LH0T o
l‘(p +— p o+ 1)

k
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DEFINITE INTEGRALS (Contined)

s (@a>0)

Q| ==

659, f e-axdx =

o

© ,~ax __ ,—bx b
660f f”—-—e—dx=1og;, @b > 0)

0 X
I 1
*(;,n:j—:*), (n> —1,a>0)

a0

661. f x"e ™ dx =w . or

0 n!
T (a > 0, n positive integer)
a

662. Jm x"exp (—axP)dx = lk), (
)

663.f e“"z"zdx=— n——l"() (a>0)
0 2a

664, f xe *dx =4

0

“!§

' 665. f 207 dx =
0

® 2n — 1
666. J; xMe o gy = L 2..+(1 2 )\[

n'
2a 5 n+1’

—ax m! e d
oo [[eema=gali-er £
@© " -~2a
669.f el-5 ax = ¢ ‘/’—‘, @20
) 2
R 1
670.fo e \/)_cdx—zn\/;
671.] e———dx=\/£
o Jx n

667. f Wl gmax? gy = (a>0)

672. J; e™(cos mx) dx = — : —.  @>0)
© axrs m
. 673. J; e (s:nmx)dx=a2+mz, (@a>0)

_n+1

p

449
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674.

675.

676.

677.

678.

679.

681.

682.

684,

685.

686.

687.

688.

689.

690.

Calculus

DEFINITE INTEGRALS (Coatinued)
® 2ab

J; x e~ **[sin (bx)] dx = m, (a>0)
© cax a2 — h2
J; x e”*[cos (bx)] dx = (‘I_ZTZ)Z’ (a>0)

o —axp nli(a — iby"*' — (a + iby'*?
x" e~ **[sin (bx)] dx = 2 T By ]

® nll(@ — iby"* ! + (a + iby'* ]

&=

P

x" e~ **[cos (bx)] dx =
[cos (bx)] dx 2(02+b2)n+1

® e *sin x _
——— dx =cot !a, (a>0)

S

0 X

@
Jr

e cosbxdx = Y— -
s bx dx 2aexp(

2

W)’ (ab #* 0)

&

Lol

=

0

)

>

—~

= —1,a>0)

l,a > 0)

e™1%%% =1 sin (¢ sin §) dt = [T'(b)] sin (be), ‘b >0, —g << g)

Jo e™'°? >~ 1[cos (t sin ¢p)] dt = [['(b)] cos (b¢b), (b >0, —;—t <¢< g)

f t""costdt=[l“(b)]cos(%7f), O<b<)
(1]

f "~ (sint)dt = [[(b)] sin (Z—n), ©0O<b<l

]

1
f (log x)"dx = (—=1)"-n!
0

1 1 1
j log—] dx = ﬁ
0 P
1 1 -1
log=| dx=./n
0 X

1 1\»
f log—| dx = n!
0 X

1
f xlog(l — x)dx = —3}
o .

1
f xlog(l + x)dx =}

1}

(—1)n!
(m+ 1)
Ifn+#0,1,2,... replace n! by I'(n + 1).

1
J. x"(log x)"dx =
°

m>-—-1,n=0,12,...
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DEFINITE INTEGRALS (Continued)

2

! log x T
1. = -
6 f: x= 0

2

log x n
2, -
on [ 22

1 2

693. J I_C’de = E.
° x 12

2

l —
694. f de =T
) p 6

2

1
695. | (logx)[log(l + x)]dx = 2 — 2log2 — ’1‘—2
0 .

2

1
(log x)[log (1 — x)]dx =2 — —
0 6

2

! log x n
697. J‘ l—x dx——?

2
698f (l+x dx=7zT

1
699f logxdx _ _%10g2

J1—=x? 2
I'h+1) .
x™ 1
700. f [og( )] (m+1)"+1, ifm+1>0n+1>0

P xf)dx 1
701f(x )x=log(:+ ) (P+1>0,g+1>0)

log x
702. f

o

7!2
703.f IOg(f_ljd =7

x/2
04. f (log sin x)dx = f logcos xdx = —;log 2
[} o

x/2
70S. J (log sec x)dx = f logcsc x dx = ;log 2
o

0

x 2
706. f x(log sin x) dx = —%— log 2
0

x/2
707. f (sin x)(log sin x)dx = log2 — 1
(1]
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708.

709.

710.

711,

712.

713.

714.

715.

716.

m7.

718.

719.

720.

721.

722.

Calculus

DEFINITE INTEGRALS (Continued)

x/2
f (logtanx)dx =0
o

" /72 _ K2
f log(ai-bcosx)dx=nlog(g—+———2‘1-—b), (a=b)
0 .

x 2rnloga,
f log (a®> — 2abcos x + b*)dx =

0 2nlog b,
J‘“" sin ax = tanh an

o sinhbx 26 2p
J“‘° Cos ax = n . h

o cosh bx 2 ¢
J‘“’ dx _n

o coshax 2a
J""’ xdx n’

o sinhax 4a?
f e~(coshbx)dx = 2, (0 <|b < a)
o a’-b

o _ . b

e “sinhbx)dx = 5——, (0<|b <a)

o at—-b
J‘“’ sinh ax dx = n osc an 1

o € +1 26 b 2a

® sinh ax . 1 n cot‘m

0@ -1 2a 2b b

[t [ 12

Jﬂt/ 2
[}

©
[T
[

[

1 —Klsinxdx = |1 — 12kz—- —=
2 2 2-4

e *

logxdx = —

“*logxdx = —y =

f

—0.5772157 ...

(y + 2log2)

2-4

REX

a=2b>0
b=>a>0

13) p

1-3)2k*

|

3
1-3-5

2.4-6

1-3.5\2
2-4.6

|

k6

2k6

s

],ifk2<l

— -H],isz <1



Calculus

DEFINITE INTEGRALS (Continued)

® e+ 1 n?
723. fo log(ex_l)dx—T

® 1 1
724. f ‘l e ;) e *dx =y =0.5772157... [Euler’s Constant]
o —

®1f 1
725. f —(-— - e"") dx = y = 0.5772157. ..
0o X 14 x
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