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Analysis of autotransformers:

The basic autotransformer is simply two coils which have a non-zero mutual inductance AND a
load resistor across one of the inductances as shown below.

I
1
—Tl
A .
Ll
12
v M —

Figure 1 - "Physical " tapped inductor

The loop equations for this network can be exactly written as
Vi = jo(Li+L+2M)I; + jo(Lo+M)I, (1a)

_ V2 = jo{Lo+M)I; + jo(Lo)l, (1b)
These equations were formally analyzed in Krauss, Bostian and Raab and can be solved
without any approximations to give the input impedance of the network shown in Figure 1 as

Y;=G; +jB; = Ry+joly )
-0ALL, - (Ly+MP) + jOLR,
This result is a little awkward to manipulate so we introduced the idea that the network can be
modeled as a parallel resistance and susceptance. The input resistance is given by
Re _[_L P2 =
R [M+M]xn N2x D (3)
where N is an "effective" turns ratio and D is a deviation parameter which is a complex

function of Qp, M, k, the "tap ratio" and other parameters. The input susceptance is given by

&:f%E (4)
Notice that this transformation ratio is NOT that of a transformer model because it directly
transforms the secondary resistance to the input and gives the equivalent parallel inductance
across the input.

and

An equivalent transformer model is easily to work with and understand. Such a model is
shown below



Figure 2 - "Transformer" equivalent model of tapped inductor

Note that the same letter "n" has been used to denote this turns ratio which is the actual turns
ratio for an "equivalent" transformer. The k used in this model is confusing because it is not the
actual k of the original physically coupled coils. Instead, it is a fictious k which makes the two
models equivalent. In the same manner, the L shown in the above figure is the L which makes
the two models equivalent.

The loop equations for Figure 2 are, after some simplification,

senle2
Vi =joLl; +J°’ﬁ Ly (5a)

and

. 2 . 2
Vz = Jml:l LII + J(onkz LIZ (Sb)
which, because it is the same physical network, must match equation (1). For equations (1)
and (5) to be identical, it is necessary that the coefficients of I and Ip match, i.e.

L=L; +L; +2M (6a)
L +M=KL (6b)

and
L=KL (60)

n
The first equation is already in a usable form. The second and third equations are two equations
in two unknowns, k and n, which must be solved simultaneously. Substituting (6¢) into (6b)

we get
2 2
Lo+ M= k—nL = (_Lif‘ )% =Lon

which can be solved for n to give
n=letM_, . M (7)

This result can be substituted into equation (6b) to give the expression for k

2 _n(lp+ M) _(Ly+ MP
k T L, (8)
Equations (6a), (7) and (8) completely define the transformer equivalent circuit shown in
Figure 2. Note that the expression for k is NOT even similar to the expression
k=-_M_
YLiL,

which applies to the physical transformer.

The use of the wrong k in the transformer equivalent model is a very common student error.



The ac output voltage AV(y, is then, approximately,
AVey ~- SFEERC _ __ OplgeRc _ _ oflpeRe _ arlRc| 14+ AV; (15)

Vi . . 2\ 2v

Lee gy I-A&) z(ﬁ) T
T Vr 2Vt

Note that the first term contains only Igg whereas the second term contains the product term

IEgAV; which is the desired mixer term. Examination of the second term reveals that the mixer

term is proportional to Igg, Rc and AV;. Unfortunately, the first term is also proportional to
Igg and R¢ and making these terms too large will lead to saturation of the mixer output by the
unwanted first term. In practice, optimizing your mixer output will require a careful adjustment
of the bias current and load resistance.

The current Igg is actually an ac current source controlled by the local oscillator. A mixer

design I tested used a relatively small nominal Igg of about 1mA and collector resistances of
1kQ. [Actually, one collector load resistance was 1kQ and the other was a 42IF104 i.f.
transformer.] The local oscillator voltage was approximately 500 mV and the rf input voltage
was estimated to be about 100pV. The voltage out of the i.f. amplifier was on the order of one
volt.
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