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The Art of Back-of-the-Envelope Paraxial Raytracing
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ARAY IS THE MINIMUM OPTICAL PATH ARAY IS A STATIONARY PATH

Abstract—Paraxial raytracing is a valuable tool for making
quick “back-of-the-envelope” calculations in optical system de-
sign. Its popularity has been highly diminished as a consequence of J
the growing sophistication of computer-aided raytracing and the
availability of powerful computers. The availability of raytracing
computer programs does not harm in itself the usefulness of \
graphical raytracing, but it makes people forget, or never learn
the basics of graphical raytracing. In this paper, some of the basic
concepts of graphical raytracing are presented, along with some
examples that ||Iustra1_te how it can be applied to m_UIt'e!emem Fig. 1. lllustration of a longitudinal section of a caustic and regions of
systems. The mastering of the methods presented in this paper minimum versus stationary paths.
constitute some of the fundamentals required in the use of any
optical software. Such knowledge is absolutely necessary for the
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. INTRODUCTION

EOMETRICAL optics is a part of optics involving phe-

nomena that can be discussed within the framework
Fermat’s principle, from which laws of reflection, refraction
and propagation can be derived [1]. Starting with the definitic Reflected light Surface
of the optical path length as given by

Fig. 2. Reflection and refraction of light at the surface between two media.

OPL = / nds 1)
S light is reflected on itself, while the other is transmitted undevi-

whereds is an element of arc length along the propagation pa@ied. Otherwise, the angle subtended by the surface normal and
andn is the index of refraction along that path and assuming twWBe incident ray, known as the angle of inciderces nonzero
points in an isotropic medium, Fermat's principle states that tR&d yields deviated reflected and refracted rays. The angle sub-
optical path that the light actually takes is an extremum of ggnded by the surface normal and the reflected or refracted ray
possible optical paths between these two points. In this pap#tall be denoted &$.
the reader should assume solely propagation in a homogeneougtarting with Fermat’s principle, a vectorial law applicable to
by parts and isotropic medium where the light can be shown@#her reflection or refraction can be derived that is given by
propagate along paths of infinite radii of curvature. Such paths ;o . , y N
provide a model for light propagation referred to as light rays ' —nll = (n' cost’ —ncosi)N 2)
[2]. The extremum reduces to a minimum for points in the reggheren andn’ are the indexes of refraction of the incident
ular neighborhood, that is, the region in space where one afddium and refracting medium, respectively, @d?’ are unit
only one ray passes through each point [3]. This region is lifgactors along the incident, and reflected or refracted ray, respec-
ited by the envelope of the rays, known as the caustic, andtj{ely [1]. The law given by (2) states that the reflected and trans-
lustrated in Fig. 1. For rays beyond the caustic, the optical patited rays are coplanar and lie in the plane being defined by
length is actually stationary [3]. and N. This law finds applications not only in optical image
The laws of reflection and refraction are illustrated in Fig. Zormation but also in the field of computer graphics where ray-
The reader should assume that light is incident on the surfaegcing is extensively used in simulation [4]. From the vectorial
between two media. The point where the light intersects thaw, scalar laws of reflection and refraction may be derived. If a
surface is called tbe point of incidence. At any point of incielockwise or a counter clockwise convention is selected to treat
dence, the normaV to the surface can be established. If a ragingles as signed entities, the scalar law of refraction, also known
propagates along the direction of the normal, a fraction of th& Snell’s law, is given by
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incidence (i.e.;/ = —1 upon reflection). Such a convention

for changing the sign of the index of refraction upon reflection B

allows unification of the laws. In this respect such convention is

advantageous over other possible conventions. A’
A large class of optical systems consists of a series of re- A

fracting or reflecting surfaces to provide the required deviation

of the light rays together with appropriate stops and apertures to

limit the angular and spatial extent of the rays. The optical de- S s
signer must trace the path of selected rays through the system,
which is done by repeated application of the vectorial reflectizglg' 3.
and refraction laws through the system. Such process is known
as real raytracing.

In the current treatment, the authors only consider optical sys-

tems with a common axis of revolution, referred to as the optical

axis. In the approximation of small angles of incidence on sur-

faces and with respect to the optical axis, the optical system is
N /

said to work in the Gauss or paraxial approximation, and ray-
tracing under these assumptions is referred to as paraxial ray-
tracing.
The art of exerting paraxial raytracing through lenses with no
help of computers or calculators shall be referred to as graphical St s
raytracing [5], [6]. In recent years the art of graphical raytracing ()
has lost some of its early prominence as the consequence of

the growing sophistication of computer-aided raytracing. This

paper specifically focuses on redefining basic rules of paraxial

raytracing without the use of computers or calculators in order to -

get quickly, back-of-the-envelope imaging solutions. Moreover, S /

the ability to perform graphical raytracing may prove helpful in ///A
the conception of optical systems.
This paper will first establish a sign convention and briefly
review some fundamentals such as real and virtual objects and
images, and the cardinal points of optical systems. It will then S
lay out fundamental principles of graphical raytracing, and il- (b)
lustrate them with simple examples. Fig. 4. (a) lllustration of real and (b) virtual objects.

Il. SIGN CONVENTION An object is real if it is located beforg;, and it is virtual if

Assuming that light propagates from left to right, the autholtscated afterS ;. Similarly, an image is real if it is located after
define the sequence of left to right as the positive direction. A}, and virtual if located befor8,. Real and virtual objects and
distances measured along this direction will be positive, and fHlages are illustrated in Figs. 4 and 5, respectively, providing
distances measured in the opposite direction will be negativiat light propagates from left to right.

All angles measured counter-clockwise from the optical axis Finally, an aerial image must be distinguished from a
will be positive, and all angles measured clockwise from thecorded image. Light from an object produces a three-dimen-
optical axis will be negative. The sign convention is representgibnal (3-D) distribution of light in image space. The aerial
as image is the distribution of light on a mathematical surface
N often about best focus, which is the locus of the image points
Q . resulting from object points. The aerial image is never the final
goal. Ultimately, the light is captured by a detector device, and
a recorded image is obtained. The recorded image varies with
IIl. OBJECTS ANDIMAGES the position of the receiving surface due to possible defocus.
. L . The receiving surface is most often positioned to coincide with
Beams of light rays impinging on an optical system from aRre best focus aerial image
parent unigue locations define point objects that may lie either '
on axis (A) or off-axis (B), as shown in Fig. 3. Similarly, beams
of light rays emerging from the optical system and intersecting
at unique locations define corresponding imagéawid B. To Six axial points, called the cardinal points, can be used to
define real and virtual objects and images, the first and last appresent a complete optical system. With these six points, one
tical surfaces of the optical system are denote®@andS;, can determine the size and location of an image. This is true
respectively, as shown in Fig. 3. for both simple lenses and complex multielement lenses. These

IV. CARDINAL POINTS
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/ \/ Fig. 7. Graphical construction of the principal pladeandP’.
:”/ optical axis defines the back focal polfitor image focal point.

A TSN Similarly, a front focal poink' can be defined (or focal point ob-
ject) as the intersection of the focal plane object with the optical
axis. The focal plane object is defined as the plane where object

S 8 points yield parallel output rays as illustrated in Fig. 6(b).

(b)

i ) ) ) B. Principal and Antiprincipal Points
Fig. 5. (a) lllustration of real and (b) virtual images.

The reader should define as conjugate planes two planes
that are optical images of each other with respect to the optical
system. The principal points are defined as the intersection of
the principal planes with the optical axis, where the principal
planes are conjugate planes corresponding to a transverse
magnification of 1. They can be located within or outside the

L lens, and in any relative order. The principal planes can be

y' thought of as mathematical constructs.
B In Fig. 7 the authors show how to find the location of the

principal planes by raytracing. First a paraxial ray is traced from
object space parallel to the optical axis. This ray will exit the lens
passing through the focal pointimage. If one extends the ray that

enters the lens and the ray that exits the lens, the intersection will
ﬁ give the location of the principal plane imaBé Similarly, the
B
y

e
)
@
principal plane object can be found by tracing backward a ray
parallel to the optical axis and entering the lens from the image
space instead. It is important to note that the rays intersecting
through this technique may describe a surface instead of a plane
F
(b)

92 as the impact height of the ray varies on the optics. The principal
planes are indeed the tangents to these surfaces. Once found, the
principal planes may be used to represent paraxial refraction or

reflection through an optical system.

\ The focal length of alens is defined in relation to the principal

points. The front focal length is defined as the distance from

the principal point object to the front focal point and is denoted

Fig. 6. (a) Focal plane image, (b) focal plane object. PF. Similarly, the back focal lengtff is defined as the distance
from the principal point image to the back focal point and is

six points are: the front and back focal points, the principal aftgnotedc’E”. The front focal length and the back focal length

antiprincipal points, and the nodal and antinodal points. ~ aré numerically equal only if the media surrounding the lens is
the same on both sidéa = n’). Otherwise the focal lengths
A. Focal Points are calculated as
The focal points are the intersection of the focal planes with C=n'/f' = —n/t. (4)

the optical axis. The focal plane image is defined as the plane

where all parallel input rays, whether parallel to the optical axis The antiprincipal points are defined as the set of conjugate
to simulate a point on-axis at infinity, or at some angle with rggoints with a transverse magnification ofL. It can be shown
spect to the optical axis to simulate a point off-axis at infinityfrom collineation theory that the antiprincipal points are sym-
are focused by the optical system. An off-axis beam is showmetrical to the principal points with respect to the corresponding
in Fig. 6(a). The intersection of the focal plane image with thiecal points [7].
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Fig. 8. The most commonly used rays in graphical raytracing are shown 1) a @
nodal ray; 2) a ray parallel to the optical axis; and 3) a ray passing thiBugh \/
and exiting parallel to the optical axis. 40
I

C. Nodal and Antinodal Points 20

The nodal pointN and N’ are defined as a pair of conju-
gate points with unit angular magnification. For each pointin the 20 40 60 |80 100 120 140
field of view, the ray that has the same direction before reaching- > ¢
the lens and after leaving it, is named the nodal ray, and it inter-
sects the optical axis at the two nodal poiNtandN’. —40

As a consequence, a lens, tilted around an axis that passe /\
through the nodal point object and perpendicular to the optical (b)

axis, will yield a spatially invariant image focus image point as. . . . . . .
. . . . . F)I,g 9. Arayincident on (a) a thin positi¥é = 50 units or (b) a thin negative
the tilt is \_/a”ed- ThIS concept 'S.Often used in the Iaboratoq- = —50 units lens in shown. The aim is to trace the refracted ray.
when testing optical systems using the nodal bench approach
[8]. :
Whenever the refractive index in front of the lens is the same 3) focal rays, which pass throughand are parallel to the
as the index behind it, the nodal points coincide with the prin-  axis after refraction.
cipal points. If the refractive indexes are different, the nodal
points move away from the principal planes, toward the side Bf Raytracing Examples
the higher index [9].

The antinodal points are defined as the set of points with an-This section will first demonstrate how to raytrace an arbi-
trary ray through a single optical element. The methods will then

gular magnification of-1. Based on collineation theory, it can / _ _ :

be shown that only in the case when= ' are these points be appl_|ed to the_r_aytracmg of a_muerIement optical system.

the symmetrical of the nodal points with respect to the corre-1) Simple Positive and Negative Lensékhe case depicted

sponding focal points [7]. inFig. 9 h.as eithera posmye, ora n_eggtwe thin lens with a focall
length{’ (i.e.,f’ = 450 arbitrary units in the example shown).
First, the definitions of the cardinal points are applied to thin

V. GRAPHICAL RAYTRACING lensesP, P/, N andN’ are found to be located at the center of

The objective of raytracing is to determine the location, sizg]e Iel_’ls. Glyen any ray incident on the_len’f, the question is what
and orientation of an image formed by an optical system. THf¥ection will that ray take after refraction?

objective can be achieved by using a subset of the cardinal point§ resented are two graphical methods shown in Fig. 10(a) and
defined in the previous section. (b), respectively, that can be used to obtain the ray after refrac-

tion. Both approaches depend on one or more cardinal points.
In both approaches, the focal length serves to define the exact
position of the focal points. In the first approach, the ray to be
In order to locate an image by graphical raytracing, one neeggced is intersected by the focal plane object. A point source at
to trace at least two rays and find where they intersect [10]. Tiat location would result in parallel rays after refraction. There-

A. Fundamentals

most commonly traced rays are presented in Fig. 8. fore, the ray after refraction will also be parallel to that direction,
The rays most commonly used for raytracing optical systergere the direction can be found by tracing a nodal ray issued
are: at the point of intersection.

1) rays going through the nodal points of the lens, that re-In Fig. 10(b) the focal plane image is considered. The focal
fracts without deviation (Note, however, the displacemeptane image has the characteristic that parallel rays will focus at
of the ray fromN to N'.); the focal plane image. Taking this into account, the authors trace

2) parallel rays, which are parallel to the axis and pass auxiliary ray parallel to the original ray that does not deviate
throughF’ after refraction; after refraction; that is a nodal ray. The refracted ray will then
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Fig. 10. How to find the direction of the refracted ray for a positive lens. (ig- 11. Finding the direction of the refracted ray for a negative lens. (a)
Method #1, (b) Method #2. Method #1. (b) Method #2.

pass through the point formed by the intersection of the nod&y: Such a ray is reflecFed_anng its path. S|_nce parallel rays
Intersect at the same point in the focal plane image, the ray of

ray with the focal plane image. . . . . =
y P 9 interest will go through the intersection of the auxiliary ray and

Using the same procedure as the one used for the POS'?HS focal plane image. The direction of the ray after reflection
lens, the refracted ray for a negative lens can be obtained.

shown in Fig. 11(a) and (b). i€thus obtained.

. . - . In Fig. 12(b), an auxiliary ray that reflects from the apex of
By using these t\.NO simple methods of o.btalnmg the ray dt'ﬁe mirror is employed. The auxiliary ray that hits the apex of the
rection after refraction one can trace graphically more compl

¢ irror is reflected at an angle equal in magnitude to the incident
sy; elgls. le C qc Mirror&ia. 12 sh h angle. This ray intersects the focal plane image at a point where
four)mérsrjupcgmr%g(r:w?;//isg d rasg\;g;(ra;:z::i.rg mirrsorgws the the ray to be tra_ce_d will go thrOL_lgh as weII_ after reflection.
' In Fig. 13, a similar approach is used to find reflected rays off
1) A ray that passes through the center of curvature of tBenvex mirrors.
mirror is reflected in its own initial path. 3) A System of Two LenseFhe principles reviewed can be
2) Aray parallel to the optical axis passes through the focgpplied to a lens assembly. First, an optical system composed
point of the mirror after reflection. of two positive lenses shown in Fig. 14 is considered. The ray-
3) Aray that passes through the focal point object (or equistacing employed shows how to find the size and location of the
alently for a mirror the focal pointimage) is reflected parimage of a given object through this optical system.
allel to the optical axis. To find the image of an object, the intersection of two rays
4) Araythatis reflected at the apex of the mirror is reflectegoming from the object must be formed. For simplicity a ray
in an angle equal (in magnitude) to the incident angle. parallel to the optical axis (ray 1—single arrow) and a ray that
Similarly, as was done with the positive lens, one may find thgassed through the center of the lens (ray 2—double arrow) are
direction of any ray reflecting off a mirror. One should considathosen. Ray 1 exits the first lens through the focal point image
the case of a ray hitting a concave mirror with a focal length @f1’, and ray 2 passes through the first lens without being de-
50 arbitrary units. viated. To find the direction of ray 1 aftdr2, the method of
Fig. 12 shows two graphical ways of finding the direction ofFig. 10(a) is employed. First, the intersection of ray 1 with the
the reflected ray by using auxiliary rays. Note that it is alwayf®cal plane object of.2 (F'2) is found. As shown in Fig. 10(a)
convenient to choose a ray that does not change after reflectiand applied in Fig. 14, ray 1 (after refraction througg) will
In Fig. 12(a), a ray parallel to the original ray that goes throudie parallel to a ray initiated from that intersection and passing
the center of curvature of the mirror is chosen as an auxiliatiyrough the center df2. For ray 2, the method of Fig. 10(b) is
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(b) Fig. 13. How to find the direction of the reflected ray for a convex mirror. (a)

By using an auxiliary ray that goes through the center of curvature. (b) By using
Fig. 12. How to find the direction of the reflected ray for a concave mirror. (ahe ray that intercepts the apex of the mirror.

By using an auxiliary ray that goes through the center of curvature. (b) By using
the ray that intercepts the apex of the mirror.

demonstrated. First, the ray parallel to ray 2 that passes throug

the center ofL2 is traced. Second, the intersection of this ray .,

with the focal plane image di.2 (F2') is found. Ray 2 will

cross this intersection after refraction. The final image througt o j

the system of two lenses is found by establishing the intersec Fi L froRo R

tion of ray 1 and ray 2 after refraction through bathandL2. _ . - . .

Fig. 14. Imaging system consisting of two lenses analyzed using graphical

4) A Telescope Assemblyis a second example of theraytracing.

raytracing techniques discussed above, the authors demonstrate

how a six lenses astronomical telescope shown in Fig. 15 ¢~ L

be quickly raytraced without any software. A Fg A

The telescope is composed of the following elements: — >
150

» AlensL; of focal length 100 mm and diameter 15 mm; | | | [ "™
» AlensLs of focal length 50 mm, located 100 mm behinc
Ly;

» AlensL; of focal length 100 mm, located 100 mm behinc -
L2. \ At v 100 v v \

»
»
»
»
»>

A |en_SL4 of focal length 150 mm; . o Fig. 15. Graphical raytracing of a telescope for a point source on the optical
A reticule R located 150 mm behind the objectivg, axis, located at infinity.

which is also the focal point image &f, in this case. The

reticule is also at the focal point object of the eyepiecgca| point ofLg is shown in Fig. 15 to satisfy the condition of
assembly. a virtual final image.
The reticule is observed through an eyepiece composed of twd-irst, the reader should examine this system carefully and
lensesL; andLg, such that the imaging conditions of a telemake some observations about its properties. Notice that the
scope are satisfied; a virtual image is thus formed so it can le@sLs is located in the back focal plane of lehs and in the
perceived by the eye. Further, the reader should assume thaffthet focal point of lend.s; therefore,.; andL3 are symmet-
observer observes a virtual image at infinity. All lenses shout@al with respect td... Moreover, the focal length df; equals
be assumed to be thin. The approximate location of the frome-half that of lensek; andlL.s. Thus,I.; andL3 are located
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Fig. 16. Graphical raytracing of a telescope for a point source at an angle w
respect to the optical axis.

at a distancel = |2f}| from Ly, which is also the location of

the ?ntinOdal points of thEQ- Fig. 17. Raytracing of the eyepiece for a point source off axis.
Given these observations the reader can now trace a ray par-

allel to the optical axis coming from a point source at infinity . . - .
on axis as well as a ray coming from a point source off axig.f the reticule. The point A can be thought of as a fictive point
The reader should begin with the relatively easier ray parallel?8urce’ whose image aftbg is a parallel beam. In order to de-

the optical axis, shown in Fig. 15. After encountering the ﬁré{ermm_e_ the direction of the ray of interest _af[eg, the readef
lens the ray is refracted such that it passes through its focal po‘?ﬁ{] ut|||ze_the fapt that the focal plane Obje?t of the eyepiece
image, which coincide with the vertex of the second lens. The ssembly is conjugate to the focal plane object of the lans
fore, the ray passes undeviated through the second lens. U Hugh the |en§“5.' Therefore, th? reader can construct ray 2
encountering the third lens, it is refracted parallel to the optic \erging from point A and passing thro_ugh the centeLof
axis. Then the ray encounters the fourth lens as a parallel ra s ray is undeviated through; and incident uporl as a

the optical axis and thus is refracted toward the focal pint general ray off axis. To get its refraction throufk, the reader

Because the reticule is at the focal point object of the a hould again employ the concept discussed in Fig. 10(b), and

semblyL5-L6 forming the eyepiece, the beam exiting the ag- en construct ray 3 parallel to ray 2 and passing through the
sembly will be parallel to the optical axis. Moreover, from th enter ofL.g. Ray 2 and ray 3 will intercept in the focal point

definition of the focal point object of a lens, the exiting rays will 29¢ OfL, as sh(_)wn in Fig. 17. The final d|rect_|on of ray 2
appear to emerge from poifi. ThereforeR andFg are con- provides the direction of the parallel beam, off axis, that would

) . . o be the image of the point A through the eyepiece.
jugate points through the lers;. This realization helps com- . . . .
pleting the raytracing on-axis as shown in Fig. 15, and will serve Knowing that ray 1 intersects point A befdg, and knowing

in performing off-axis raytracing as well. Its final direction after the eyepiece, its refraction .throug_h the
) . L;—Lg assembly can now be established. To obtain the image
For off-axis raytracing, the reader should trace a ray from

parallel beam coming from a point at infinity at some angle wit point A throughL;, the reader shoulld trace ray 4 backward

respect to the optical axis, as shown in Fig. 16. The ray cho%r%m the image space parallel to the output ray 2, and through

here is the one passing through the centdrigfhowever, other < qenter OL.G' By definition th|s ray passes.through point A.
) - ) The intersection of the extension of ray 4 with the focal plane
rays parallel to this ray and interceptihd at some nonzero

height could be traced as well, based on the raytracing te Qr?—JeCt ofLg gives the location of the image of point A through

. C . =. Thus, point B is determined as the image of point A through
niques demonstrated '|n this p.aper.' The ray first passes thro'tggh Now, the reader should consider only the léns There-
the cen'Fer oL1 undewa‘ged. Since it is known thml an(_ng fore, ray 1, which is the considered ray, is refracted thrdugh
are conjugate planes with respectltg, one can immediately

deduce that the ray passes through the centeg ak well. An- ngtg (;?trgs? l;rlc())r‘rr: pglgtli.e-r::nrr?gcct)ifr:megiar?tt (Bre\l/?//i tlh) mlel p:)ci)rﬁ)t_
other point, which can be seen immediately, is that the angle b?— ° 9 gp b

tween the ray and the optical axs will e of the same magninleh 0 T BV SRERTRS, (08 SR A S T
but of the opposite sign since the locationd gfandL3 are at propagate p y '

the antinodal points d.. The ray then encountes,. In order throughLg is such that the final direction of ray 1 is parallel to

to raytrace the ray through this lens, the reader should empf(r)])(/3 previously established final direction of the beam.
the concept discussed in Fig. 10(b), and should construct an aux-
iliary ray parallel to the ray of interest which passes through the
center ofL,, and thus, is undeviated. Since the considered andin this paper, we have reviewed fundamentals of geomet-
the auxiliary rays are parallel, they focus at a point in the bacical optics and specifically techniques for back-of-the-envelope
focal plane ofL,. Therefore, the direction of the ray is readilyparaxial raytracing. Importantly, the techniques presented are
determined. the same whether one traces rays through lenses or mirrors. Fur-
Finally, in order to complete the raytracing it is necessary thermore, the methods can be applied to systems of any com-
determine how the ray will propagate through the eyepiece. Thiexity by sequential application of the methods. It is impor-
eyepiece and aray incident on the eyepiece are shown in Fig.thnt to note that graphical raytracing provides a valuable tool
Using the concept discussed in Fig. 10(a), the reader should coat only to make quick “back-of-the-envelope” first-order so-
sider the point A at which the ray to be traced intersects the pldn&ons to optical design problems, but that the methods apply

VI. CONCLUSION
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