APPENDIX |

L et the maximum thickness of the lensbe A and let the thickness at coordinates (X, y) be
A(X,y). We consider the phase delay between two planes P, and P, separated by A, along
the z-axis and enclosing the lens as shown below. The total phase delay from P, to P, is
given by

o(x,y) = knA(x,y) + K[A, — A(x,y)] = kA, + KA(X, y)(n—1) (1)

where n istheindex of refraction of the lens material, knA(x,y) isthe phase delay introduced
by the lens, and k[AO - A(X, y)] is the phase delay due to the remaining free space between B,
and P..

A(xy)

Z—-axis

To develop afunctional form for A(x,y) we split the lens into two parts as shown below.
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And write the total thickness function as the sum of the two individual thickness functions

A(X,Y) = A (%, Y) + Ay (%, Y) (2

where A, and A, arethe thickness of each lens section. For the first lens section



where R > 0 by our sign convention. From the drawing

Al(X,Y):Am_(Rl_\/ RLZ_XZ _yz):Am_ Ri[l_ 1- Xzézyz)

and, using the paraxial ray approximation,

_ay—R[1-14 XY oA XY
A,(6Y) = A R{l T ] da="5n ©

For the second lens segment
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R~ R -x* -y’

The calculations proceed in exactly the same manner as for equation (3) but R, isnegative so
for our distances to be positive we use —R, to get

A, (XY)=A, _(_Rz — Rz2 - X2 _yz) =Ag + Rz(l_ 1- le%yz)

Note here that we factored —R, out of the square root to get

x> +y°

A, (% Y) = Ag + IR ®)

Substituting (4) and (5) into (3) we get

AX :AO_M(i_i) 6
(x,y) 2 (R R (6)

Substituting (6) into (1) we get

o(x,y)=kA, + kA, (n—1)—k(n-1) X2J2ry2 (%—é): knAo—k(n—l)(XZZyz)(%—é)
(7)



This may be simplified by recalling our geometric optics definition of the focal length of a
thin lens

1 1 1
7=F;+P2=(n2—n1)(ﬁ—g) ©

Using (8) we may re-write (7) as

NG +y2)

_ (
o(x,y) = knA, —k T 9)

The thin lens transformation may be written as a pure phase transformation of the incident
beam u,

2.2
Xty
—jknAD+jk7)

U(xy)=e""u(xy)=e ' u(xy) (10)
where the reason for the choice of a minus sign will become apparent.

Toillustrate that thisisavalid model of alenslet

w(xy) = Ee ™ (1)
a plane wave propagating in the +z direction. From (9) and (10) we have

. ‘ (x2+y2) . (x2+y2) -
- knAo+ Ko . . +jk——jkz

u(x,y)=e e (Ee )= (Eoe“"“A")e Fer (12)
where the factor Eoe‘j"”A° iIssimply acomplex constant. It isthe exponential phase factor that
resultsin the lens focusing the wave to a spot. From equation (2), page 6 we may identify the

N (Xz+y2)—'kz

exponential phase factor e S as corresponding to a"paraxia" ray approximation of a
wave propagating in the +z direction with spherical wavefronts of radius of curvature — f as
shown below.
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The sign convention for the wavefront curvature is the opposite for that of curved reflecting
mirrors so the wavefront curvature shown above is negative, i.e., R(z)=—f. Thisdescribesa

spherical wave with awavefront that if propagating in the +z direction will convergeto a
point at adistance f from thelens.

It isinteresting to observe that equation (17) can yield the wavefront transformation predicted
by geometric optics, equation (6), p.61

1

11
R, R f
are
Let u(x,y)=Ee R aspherical wave propagating in the +z direction. From (17)
and (16) we have

2 2 2 2 2 2
—jkz—jk(x +y’) —jknA0+jkM 7j|<z,,-k(x i )[ii]

L(xy)=Ee e S =Rl O (13)

Let uswrite u, asa"paraxial" spherical wave of amplitude E.e ™. Then,
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2,2
X4y
—jkz—jk ) ~ —jkz—jk

W(X,y) = [Eoe‘”m" ]e * -Ee 2Re (14)

From (13) and (14) we then have the desired result

— | =

(15)

1_1
R R
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APPENDIX I

Show that a symmetrical confocal resonator has a minimum spot size.

For asymmetrical resonator , , = % i
) T g
V g(R_)
2
T4
90y, _ JE} _2R | 9| 2R
R \2r 4 K(R_é) R ((R—Zj

where

d| 2R 2R

A I GRS O

I 2
R? R2 Rl R
a| 2R 4 R o AN Tty
R N~7o 777 (Vo %
E(R—) R-— R—_ R—_
2 2 2 2
RP R/
0 2R | 4] 2 "2 | _2RR-
N - 2(— 2
AN CINC
2 2 2
.Ba)L2

: =0=(R-/)=0
r ~0=(R-1)

For aminimum spot size werequire R=/¢. Thisisasymmetrical confocal resonator.
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1
(AL 20 A2\ [
C()l,z,confocal o f(g_g) Zﬂ(f(f)) T A/ a)o,conﬂcal

2

i.e., the cavity configuration is a Rayleigh distance collimated beam.



APPENDIX IV

0, — O, = Tanl(ﬁ] —~ Tanl(i)
ZR ZR

: _(-R-OR-OR-R-1)

where z; =

(26+R-R)

Using the law of cosines ¢ = a* + b” — 2abcos(¢, — ¢,) we can write

_at+b’-¢f

cos(¢, — ¢,) = b
We can then identify
b=\Z 7

c=2,-2

and solve for cog(¢, — ¢,)

oo, g)-ATATLAR-BI22 -2 Z+az
C 2(Z+Z)Z+2) (Z+2)Z+2)




The goal isto now write thisexpression intermsof d and R.

_R-JR-4Z
“s 2
R+ R —42
27 2
2 @_& 12 5 2 4152 2
CO#¢2_¢1):ZR+ 4 4\/RA2 4ZR+ 4\/R2 4ZR ng
(Z+7)Z+7)
_ gl(l_gz) d
2 (9 +9% -29,9,)

S { 00 -0g |, G- 92)(—92)(1—291)}
(9. +9,-20,9,) (9. +9,-29,9,)

2

(g.+9-299,)

Z+27,= {99, - ¢ - 9.0, + 9% + &9, - &%}

227 2 20 TG% UG o 0O
(9. +9 - 209,) (G +9 -29,)

(22+2)(Z+2) = |(1-20+ 67) + 00, - g'gi a1~ 20, + &) + 6%, ~ o]
(% +9, -29.0,)

2) = d*

@ a)a )= oy e {{-29+0)+ 00 -G (2~ 20, + &)+ 00, - 5’|}
2 2

d4
0 +0 —20,0,)

2

(Z+Z)Z+2)= (

% - 208 + 00 ]of - 2970, + 9.0, |}

d4
(9. +9,-29,9,)

(212 + Zé)(zzz + Zé) = 3 9192{[92 —20,0, + gl][gl —20,0, + 92]}

d4
(9, +9,-29,9,)

(Z+Z)Z+2)= +0.9,{20,0, — 49,05 — 4070, + & + & + 4070 |



Using these expressions we can solve

2 0.9

d
+0,-2
COS(¢2 _¢1): d2 (91 % 92192) _ - . —
20,0, — 49,0, — 4 +0 +0; +4

(9 +9 -296,)° V00,290, ~496: - 450, + 6 + 6 + 400

/ +g, -2 +g,-2
COS(¢2—¢1): 9,0, 921 g22 glgi 2 — = /9,0, t+t9 99 a :@

J200,- 4008 460, + G+ G +4GE " (0+ 0 -200)

COS((DZ - ¢1) =99



APPENDIX V
BASIC FORMULAS SUMMARY

TEM,,_Gaussian beam formulas

E-field solutions of wave equation under
assumptions

LK) =K = (2—”)2

A
2. % =0 (radia symmetry)
I’ aq)‘
3. 2k—
o | =~ |7t

Complex radius of curvature §(2): Al =

2

. ik —ikztio
E(x,y,2)=E,—-e
(xy.2) Eow(z)
w —ik#(z)—wgi(z)—ikzﬂq)
E(x,y,z)= E,—2-e
(xy.2) Eow(z)
1 A

2 G+z R2 m0(2)

2 2
Radius of curvature: R(z) = z{1+(ﬁ) :|= z+ 2R 2 zif 25> z,
z z

R>0

z

|
source direction of
propagation

e amplitude beam radius: w(2) = o, 1+(

R<O

source

z

z)z

I
direction of
propagation

2

Rayleigh distance (collimated beam distance): z; = %

Divergence angle: 6 = A

for z>> z,
o,

-
-



Transformation of waves

spherical gaussian
Throughspace | R, =R +(z,- 2)
Throughalens | 1 _ 1 1 1_1 1
R R f G G f
RPO& - ’ S, . R>0
R>0 R>0 _,),-’)/ \(\‘"(» -
AT

lens

Through R = AR +B .~ AG+B
optical systems CR+D 7 CG+D
ABCD Law [rz'] [D C}[rl']
where =
I, B Aln

Power transmission of a Gaussian beam of radius w(z) through an aperture of radius a
If a=w(z) then 86% of the incident power will be transmitted
If a=1.5w(2) then 99+% of the incident power will be transmitted

Stability of Gaussian beam resonators

For two mirror cavity 0< (1— i](1— i] <1
R R,

2
For genera cavities OS(A;D) <1

where A and D are elements of the ABCD matrix

Measured in plane from which ray matrix R = 2B
makes the transformation A—D




Resonant freguencies of Gaussian beam resonators

m+n+1 _ o]
fmnq = |:q + %COS 1(’\/ 0.9, )]Z_K

transverse mode spacing Af,

A B cos‘l(@ )

transverse —
T

ransverse

Af

long

longitudinal mode spacing Af,
_c
long 2 /

ong

Af



Optical resonators for Gaussian beams

Notethat z <0 and R <O, al other variables are positive.

|

%
/‘ ~. } Zla)o ) ,'\' \
A e b
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/"/’ 1 .\\:
L o .\'\__ X
z=/
+ - 47 + — 472
z = Rl F;z R z,= Rz F;zz R
ngeneral, 2= "CR=OR-OR-R-1)_ . 90,(1-08)
(2/+R-R) (0, +9 —200,)
V4 /
Where g, =1-—, g, =1-—
o] R & R
%:Mf, — 91(1_92) f=Zi+£
0+ — 20,0, 0, +9,—2090,
1
‘A g 2 ‘A o}
w? = w® =% ,a)2=_
1 ) 4 |:91(1— gng):| oz |:92(1_ 9.9,)

For symmetrical resonators where R isthe unsigned radius of curvature

Y
wl:a)zz ;47

For confocal symmetric cavity where R=/

A
(600 )conf - \/;

(a)l)conf = (w2)conf = (Ol)o)mnf\/E



Note page numbers for original notes.

Appendix |
Derive equation 4, p.79

Appendix |1

Appendix 11
Page 81, smallest mirror spot size possible for a symmetrical cavity

Appendix 1V
Derivation of equation (7), p.91



