bb

Qovidctons o AdMacX s

’V’ < Lo . e
Lop to mow we. M"W\b& m-n-w\m,c. A Felds v faw space
e, vacniwm, We ane laced with +we Nedhes

vﬁ\:inckwnmbl‘ nastpaenens due. B oun devdopmontt
) -{_\:)M'. Theae aae ¢

A, whaw is e +6¢, 7

2, Whoed l'appizms X tha bOum&a/u} \no foeesw
madin, Wikh dfjermt &7 N

The avawerste He Loy quochon il d.o.(mmcl Upon o

g xeumimodim the  behawn NOMS i nssponae To

O a,Whéd bt fled, The® conower o the Qoeonde
peotton Wil eeme  dunaeck Lrem Monwell = —O%A&hm

o«% we omawe the foudt % tom

bet's bo.%m \O-a_ CUMk&LME The  avmplest (wncuplrwzﬁoa)
maXerceld — a” con duuckor. a_ tondunctor We Meas
Om— _ﬂ.ﬂ,tk/\kc\% maoknol, maduad whic Possesses o
Ronrge moanmirer 036 ~ (mob e ) eD/\tu,%,e.o The Dl\:ux.cz.z.xxcﬂ.t)]7
\Q\M 2Metnens V' adctw due Yo gorma /)oi@u.psp@ﬁ

' Yum mech omieal PADFGMW q& mated  adems and. Wil
m duscunted Rarg . Ta Dol womdidor  we Caw
Aot o merewenk ok Yuae  Jaee 'QQ\culCam/ rwaug.{-vna o
oo led Mo cvemt e due L Qunporss .

Mothe modtc«ma( ELRTPITY wont o tall alioud o conend
C&M\S.\L& veckor I whidly’ (o quoem wm mpﬁ)ta.,s/m:l '

Thae °§€.u. factaons do mot more nmlens ombc.od/w'c,

Jaldl ¢ Prasemt . Homew ; I & wladid e &, Tlus
ot imship Cam be wmIteno o |

5= <vE

Tws 0 The well tmowon Shwm's Law 1n &xteldsomkkf



whow ¢+ (e urvxdud'wd\ﬁ) s O pfvap.m\—a,
mddouwa oo i me & b(a R odemie mﬂrvh.ﬂ/&r

The wutoa% T o mes/m%. This seumdls
sknamag unh® W w(ppux Shm's law, The undo

S, M - ompous

m* Ut g - okt Fagm

He/v\u., the uits O‘B J

cutauks T e lnew thad ”'U.ebts/ Mzso?ums/SO

-t\m uwub o% T w Mol pndowtondalfe tewms dre

Oewn-mtz\s . The Rlemon 0 o maﬂwokw&qm%

omd. 0 the M“;P“”Cd qg WCLMQ/ e iS\ewwM.:

oM-

Ouwr A e ummw o obtoamaed ‘o\&
Crilearadim M&& AR the cross - lockumn
i "y

o&?

eonductar I

W W ﬁu. wadu(*loﬁb

Ub Yraorstom e .



olectne . wey
feld — J
Wnsidae eondu Wdﬂ —F—>ds }wmﬁnfm

V) S )
IJG E w WY\.ldem omdo POlemdAcLLQaA)TD&) asshown olrove .

T= agE A
where A w6 the owss pockimal ana %ﬂ/\o conduckiv.

Tho 0 &d%u;\ma‘n'. o), T | necat? thot e dags}mﬂ
thae U&Q*aac_ (poG;}mQ) fm LJds -Gwm ae

@
\/&b == -qué—l
whaeh \ru.o.,pmca the Same ,F/\&d’l.& “%memé
WV»'\Qm/mHzloc o\rsve gives
\/cdo: - 'E‘/;L@ = ER.

RE Ve EL . L
T o EA A
s o The Meatstamce 030 e mad@uod amd the

aloove adqha{f\sk(() < the! Mmoimal oreuwds Uersion
% s Law.



69

Congenvaxion  of Chcw;\r:‘.

To comp‘-{(n sur discusslon csnduactory we maod

To ovomve T E Lfuld, whasi acﬁnduciﬂ,, Coms idea mfnhm
0& oondu e ){V\(&n&gcu / i ““”%M’J-S

W v a - -~

- .
-
t

-\3'3 cm\sen)o.hov\ ot dmmyp e mat cent T o
Q/qud oL S %\ues tha Note 030(‘»9/\&413& % ’Ku.m (Qnaaca,c
e.

un\’\»wvx
§:r As = —c‘®m _ f()do Eeclu

mwg| \Ad\m-b)m m-ﬂ\o&cql\ |J s'
Uqumé The d\M@Mcn._ ‘t‘m_mm Ta \,_g{ g

Cﬁml’um \ae comens
Tds = | ¢ Tdv
v

T, Bka Sudash‘hd‘lm

JV J‘dv :—fag dv.
oL VIS Y = - '_a-e-
Bt

—_



f Tond e are linear amd 1sohopic

vv‘(ﬁ)z _ %

ot

Rgu)q(miw ) Thans eqbuah‘m ne pAgoends tha be hovure c% fg.ul C—QLM%Q
un 0o Conductse .

2. (g)e=o

) .. ‘C—"—)t

T\m_ Soludhen fuio €quation w0 P= Po € €
To UV\tﬁJb\)Mj \ M(OY\ SU“PPm T puX QzQAQ/l f<d CLOMS\'B
F" mto- & at +tme t=D, Fa a pant a oo
g =00 omd Romca ,ms’(c.m‘f%) PEO . Whedt twis means

0L . “ﬂnw@\/‘*’lu’/) does meonm ThoX therne aaywmst
\oe ek pe fulld nside « od cenductoy sunen
.P-EO 4 TE=p olso gno.

Fvem fo o %oo& condactel  Thang O essmh‘ mr E feld in
o coducta.  Consder Copper o whuch

e ¢ = lo'*

= 5.8 xl07

-
o (E) m USKIO premde.

No -ﬁeli exs¥s Inside COPPM, aflen sudh & cucle \‘n‘\er\)a-o
et o wma Yo crnandonad ZAd .



Q)Lc:umeL ' A stm\)&q Goppan WA

4
umwc\wsi‘rrél T Pass oo O-Q—M“PWW

. 7
The meaouned Cov)dj{chm% O% Coppar Y g= S.8x10
‘J\T\@ ot % ohum — me Feus

”E j 2 )
<_..,/
Tt T=0,2. A :

e awe. mo- n20atm o oasume Fhox J ¢ mot wei (v overs

Ave _omdo O%ﬂm WL,

T= [g4s

I
L= J. W(
T 0.2 ompou s 4
J= _"_L. = = 6.0 xi0 A/
Tr T (Lo25x 10”3 * ! /m

whou = 1L.02Smn tres pcmd:. o & %auaﬂ. wwne .

The oledt me ‘fu,\&_l"; Quuen ‘o\a s Law (Qe‘is umgim)', J=0E

. 4 N _
- T .06 %107 A/m _ I-OSX(OSUoQ'fb/m

-—
- B
t' —

¢ C.8%107
-m

(Ve %d e cmpemtiondd ARstshamce Ma&\m's Law (UruL;"S Um;n)

—3 .
g E . losxio oS/ 5.3%10° L.
T 012 GmporesS

No% fhat the felds ULwion o4, Ohm’s L rlatzs disteibed
})C\vav»e‘cus wWhowas  The pprowdds powiom ndates

Tha MD(S&CLMCQ. loo 'gu(' O¥ LU{AL (.5-;““-0/'\) |
R= 530107302/ x 122, '2‘;‘;‘%";( oode. = LLSL




Cxampre . Problem  5.4- - Z="Sufoe
Z
A

J\'

Fwd the neanNomce

W PR Wwedge
e oL Swbaa W

0.1 ymifan amd ThaX
%WM%SM‘«L&
l alin . X
E= 4de
7=k
{n coppr. o= 4x (0*7'()' . T Y1 7
<P A : 3—(4)(‘0%(&% Wy,
™y ls. UNIFORM I
. s,
The Ovnpat e qven by k.
1~j3‘ds_(fuo ¥ ©ocdb \ T/ 4
000 ) /
N 4% Koudens gy :
T4 WD go‘; dr * V%o ’a- Nadiom s
= “‘Wf“’ 1] : m@»[ = 1 4w xo!
N L
Dot . L= Gﬂ-&xlo’ Mpms
0%
v -~f4a;. degs = = 4} = -4 v
R= 2 tots = 0)-4M8Y_ﬂ.

G.ZZx(O—*impms



Now Thot we (mdaratomdy \,oexo.‘r LrndWCIoLS O (%o o
Doniked wytant) ks comoiden Shalictiics,

A dlddne 2 am mdmwié MG&W% madodad o which
Mackponas ons ﬁaw% brumd. to The muceus
buX odemic - level dw\ag Aspanadion  OCCuRs
ax the mauicrosopie ek due to am appled

Aoctne Teld.
Aovma ms a\) QO/\M%}L— mpa/mj‘h;n)-

The woaiuak to Gaasp (Wd voualize ) o Owavbahonad.
Conadar o wakin molacude an Ahowrw  Bdow,

Thin mols et WAl notafe to ol 1Hself with e applied
eloctne fied., Tf o la./Lg,z_ naombren 9 moliculea So aotabe ona

M\AO&M ol Wl be /Y\ﬂ-a Wv&)mm ?osi'h&e‘
=
_ + — 4 —
AL ot > £ fed
— —
+ >
A — anaul [4

T e Some muolicule shoum above , ovu OV(JPheda E-feld
com oleo Shnet dn the atonu

no wf(‘e\& 7; dechm!)ﬂa meutqal
= Qore
G chonges
O*(’N"a ﬁmﬂﬁ ~+ -
G =

),
T

13



74

WhaX thee meoms 5 theX ap the changes(on m]ms)
meve :ﬁuﬂtm nom each othen have

MmMow d moe Bdwcnm CQAM%/OM/&-L aled ‘03_

o. duwotance.

The. %mal (omde pm}aps mest ympedand, ) Lovm
amd. raclans on 0-% pspanade inm neponea o ans
oppled B fieldas  Shoum below

electnon
nudiewo S >
® B @) _

ho I\e\& app lied ‘Eel&

— —
Mma«hﬁ oetpositwe
The wondualen o} 620 pes © onu'bo.i’tO'n. s electwomic
lonic , amdo Gﬁm‘gohc'nmﬂ‘)atb ‘to% Slwdop m.%lb:ls o) .mat
positwe amde maaod’iue dkm%got the micadscopic Aoarel .
Repanate d %Q: mautnel (\L%ﬁm) oy oo dadtence. L)€ an
dednicdipole,  Becomse te Ocanms ot S wseopte (evel ,ﬁw\%(
mwm\»?/\so)b theas W RLparations occun. amd Gre
L YNOULAD SCpic anerage. |, 1.e.
2 ,t"m %‘Bﬁ
whow DM 0 Yhe  volume cm\-awwn% e Vm:owsw@c

oles oms N
upois (donge esparations | DL

We can watle twio defunihion an €= Np i wmesT
coQes. - P w O wmsw?ic dupele oloment omd N o the
number darsthy of suck Aupola ._onun.o;d's‘ Than r\dg_i-\mh'.‘a
s rold aa 4 oo U\meﬁwwuﬂom, :




lets mow onodor what Rappens it  bully mafeadald
Rowm  bellow.

® O

6
w&kmn-a.‘)‘)hj.d fald  the &fpoeasmun nomdem dugckions
Cov mot exist) omd The Mot "MaiDscopic  polanzation

is zoao, Howewer ) whew orv dadiie $od v cbpplaéé
ek e dupoles C be cuwated amd ) a..Q.L%n Thamselues
with the 2lodae  feld as shoon below.

DD 7

B T

corduerd | sunface 2

I 7 Ecx-pp\\éa E feu.

but ek 0.c0 QD/\M%MC\-P?%\W\/&APOM-QE
The applied field. et wo xovmume this phmumone

on e dtail omd +{L%to~mupwiﬁ a_ modal

ket wo beaim by ansawrmin /“,H/mj aLl oupo%s A
0)0 dl%/hgf’ﬁé omd, CMAA%,L , lhe. P: do o Tha
Miaaosdpic Ly amdl Thok® There ane N Ysucde

dapoles fumit Uolume,




vl
\ O N

AL

Thic cam be Mldtd to The macroscopic  polanizahion E.
oy motng  that P % notumgq mow Than U‘”’““’"‘W‘P"QM‘S"*‘E"
por umik rofume 5 112

po) = Ned) |,

whane The subscupt X damoles  fields and durechons oﬂm%'ﬂw.
Y-oxs, evalluated ok =%,

SlmAIQ/U:QAs,O.i S 2 the mt bound danoe and
w%u. charge as gown (o-}
Ao = + N@Od\l Dy A

C)\qba,: = — (\l(%d)/ AHA%.

Yo+ Ax

Note thoX ?_\:sdl.%«:nﬂ.c‘ W\M'\’MU‘O'QAUW\.Q.)M_OT
on the aee . Do that ok X= Xp+ 4% - I
we Moty aX

(P,( ('\(°+A'x) = N (%d){

AstAx

T et bownd, dharges wodfen MWSO%(PWM
J d%‘f = 4+ 'E((xl) Ay Ae
&o\%&’ = = P(xs+ax) Ay bz

As 090 gther bound Q,\AM%A cometfl The ('o‘to.Q &\W
oncinsed  puith the velwma Oxhy 8% G thavrs

d%'rom,: d%,’-r d«s‘),fr P (x,) Dy bz — P, (%t Ax) dy A2

R‘(’x°+bx)~ P,‘C‘X,,) Ax A‘abz
Ax

L/'\r'\—/

Mr




erdA‘k—Ax-;\d i<?/AzL micnoscapie cpds
L

Yo Yot BX
Thie  Maoutts n the olove  Somi- ITYU\UIDSCOPIC, prctuns G%

WL P&M('ba,\y‘{» motBmal.
Dy mspechion , te met chonge on /-w.w%un.i Lo %wem. L’é}
d%._. ——(N%d )\xcbgbi

whene A, Ay B2 neprssents T “volums” oy T muu‘)mk

,Qo.Aauv omak t\\a{5 feproaamts Tha d,xu?. poL mak  Uoluma
ak ¥ x-coodumdlS x | e, on ace 4,

W\ﬂ-«%m onomﬂwn audw‘fwn&d o{‘fho./ﬁ—-w«_()
et pdutie. oo n\n:\*c:w%a Mmcwrwn
wdd\m the voluwme hao o .. CL\M W.amcb
s kmown 00 the bound d/\oux?. a0t does mot~ move | buk
cam Notote . The mot boumd (’J«w\%(/o that O—M* unarcle

T W%w lason .

==

C N i e

nat baum&dm
T mat bownd harge A trveaponding To dgq, muat be
aq) = + (N9 ayde



wncnmcopic,

vV S ) : .
Tha pchuu%a.hm hanap MSH«} withun  the rlume w
Thoro gyoen b‘}

sz lm = Px ’Xo“'AX)-Px(’!o) %
A=0 Bx
_ _dP,
P dx 'x
This REoUlL comv \u.gzmmaﬂ , to tmar - dumensions "laa,
D.:Q\m‘ o. fdd  sequen m Fhe & omd G
m'a&i W“\L%Qﬂﬁcl)—m aa. maxdmxd—xm
cshown s, The MUkt v thet W dm/nsm'r\s
P - _Dﬁg _DP} _.;Pé
© 5« By ot
oL
Po=—F

NoTe Thot Py s T mat bovnd chauguntioon the vobume V.



Twio forrmudation Jiado to soms paoblens ok The
sofoes cun nrlumae . Q,Q.acm!.g\ ?_ i discontumon g
ot “the ace '9_\) V ‘oaca«.f/a.e_ -Poth.%o»h_éﬂ 4’7‘-“43 exisis
witkin V. 0P 00 not  defmed om the s\wbam..

To Pulp ws umdarnstand what happens in Y
we Wil uwer Gousa' Low on oo volume V! wlaeh,
weludes V. o A—‘:m:w below .

N . ’ Note Thod €€, a¥ S/
The, oy Gouns' Lawo
E ds, = : g
G =l a0 ‘
Rux whok w Qto\“oﬂ.? The cﬁrxmﬁx_\uﬁ*&m v’
wom V. Moweden , e & o eomtndndion To o, from
Sna. Chorgea  Gf pusent) omd frem bounds
(‘,QAQ/\%LAP @W*mﬂruf(n% o the Poerio_h'm of M. Twuo,
P{o\o«Q, = P": A Pb

NSt fhed O @ o choage damsily due T avtewmal

surees 1o W was Semefo puk thne. P L
boumd. charge whael,  exists ;'m«lﬁ becawae. of the
Po\o.)\\%&tlc‘m of V. dus % The apyp ed fied E.

§s" GE. ds = [ (gt pu) V.
)
Loy +f pudv

I

whachh v fase spoce,

(3



'BL& the duvtrgune Thoswwm

§;’eDE___ Cl% = fY' €& E dvr
/

S
Y,
Eqbuaiv‘;\a the vRume l/y\'(o%mls we hone .

Vel = prr o
Rocallomg  thok Pp= — - P we cam ne-wrke tig e%uodw}n ao
VreE + VP o= f
- (E+P)= P

We cll-%w& e C}UAPQCLULW veckor -D eoE +P . Ne

tTheX b 15 D ot W assoudad with Fie $pen dAaAa)s

Ql_Q,V\S\‘\:B Q omd. Mot E ﬁb w oded  knowon ow Tha
electric -wa. density  Uector becaurae s umits ane
erukombs /m® e, o c}mg\'\l.

Thn foe sQo.uz, T o mes bound CS'\.DA%QQ Q\mtz P =0

However. uu o. matoudd with bound. d/tufazs T #0 and
D= é,§_+ . TIn %e/vu.y\o.Q P S (E ) Mow Q,CCMACL'GS(:’

E_:’; (.eo_E_) Avnce éoE_ L oa CLM%Q/ &WS‘%' > ou_most
lu'mMJ
motrual s e W o 3%91\5‘@)@&(”3\«1.9

where Ko W The electine mscap\o.\o\\lhs of the. matersial.



Tie aMows ws B wide Twa 24proasion fou D un

Avven ol wo»&a.

I{ we &ng{u the pmw{(Hr'm'{-j € ® b e+ Xe €,
wWe o Wulke

D eE

whathh e Saur mn oun oo fllds conraes.  We
com also defume The dielectric censtomt K ‘o\i

'K: %: '+’X,e

(o}

To complule oun /\»’(udv% Aidecrare malauwols we
udt axome whak \noqp k,ns on e suaes a
PcRm\qao)o\e Ce. P#0) mc@uwad, |\t ws’ look oX
o small  Seckion of The Suwdoce Sef V. And \11'
w eonkmue o aptuwme thed V oexists withunm \/

o vaowm  (fae space) M&p’c foc V. T rdcwtmskp
betweom Domd E  wntiwn W guen 3

DeeE+T

Jwat owkside Thn udunme \/ 'D = et

5\Y1(JL 'YIUUL SP&UL
W Mot

POQW\\ODO-LQ-J - Tl\-ULL . Mo~ bO’Uthi CQACLA

o Whok v the pdlahionsimp betweew O omd
e ¥V omel V! Coutside VY7



het E e the fied Within -V amd let E, be the field
N V' (ewtside V). Auus?aowss The Sua(?a.u..

Dz: eOE?« Ey \//
— — sunface of V
D= €E +P /‘; "(x'%'%) V “
E

\
To Attoumame  phok the M—QahOMSle be fuoeem E . omd—
., % . we wil ww o cenfowr abeul ()(13;1):;/; shaon

el
N v {/ﬂ&&

C-—r¢_> - _>_,‘_“§

k————Aw——#f

dwmee E 5 cmservahve § E.dL =0, "Bwa.lw:»g
(3

E| QMd EJ_
into Compovants noymed amd pwm,(m.& to s we gt
E'h;E"L M Elh)Egvf MSQC}\’H}.{XJ . r?\t\u;nd _ﬂ_ ‘to Pw

{um V BV’ g5 shaon gbowe we com wade the emtour
(Mﬁax‘mﬂ 0o

B0 B + (ME,, — Ep (80)-(AR)E,, —(40)E,, +(E, ) bw=0

Note Thot A amd A are chosen smoll en thok
E, omdE, mo%(oe, trooked @S comstamks on . Thio oowos

teuns” m the above umbtowu nke o ex PAgssian
‘Uow\é;mcdl Iecurvna ¢

or = —E

Thua, the '\Nh%mha.Q Gevnpov\nmro E W eentinuows,

Inwmre ele%aw\,t mathe matical ww& this cam be
expressed  as M x(E,-E) =



To duswver The Adakimship betweanw momel cmponents
we wmust uee Gw,u.' (oo on & smatt volome
aored on Lyd) as shoum  below

top — P

P
D:Go& !
% N ) A0

‘D. - GOE-:-P- sides P SMGOCQ. 3
Undume A bbﬁmj ends 0% ono. AS

We wil et thes vlume ke o small cucumden, of
Reghk AR on €adn side of S amd aw end
YT O'k AS, Wang Gouwss’ Lawo

$ D ds = REISCithin ool )
Mbo;u,
f'Q-o\§ + _f@.‘dé + f}ci_s = pp &% BS.
op

Sides nttom

Nolw that 05 As >0  DidS = &Fy,  « ar s
- . —

euméwﬁmu, egouo& N magm&m m the sunface .

ITn o *&op viewd thia looks ik

_ny\ E‘Lw

————
12
How ever ,a3 N=0c oy W\TLXIQO E‘\:am: ar anownd
T o vomca 0F S vy\m#bc%modu.hm
comudloker Of € sy 65 $Whom in Tae drawring albove.
1%,
| Das+ | Dds = ppaRas
. top T ottovn.

’l_nu&wa Das cmstomt en. eoch ace We %Lt

—.D‘znﬁg *—’—D\n Os = P,FA‘C\ As
whone The subisuipt M mdieaSes The mrmal componond

t e



(%

’\D‘;u\—’D\'n = Ps_ A%

As A —O P@&——?PS the Audoce Faee chorge
sty . s, v

By~ bm = b
v v twums y the elictuc feld

€Fon = €Eyn = Ps.
Thia  pelateonscp Lo D cam e mon eQaaM‘\‘lA&wﬂtzm\,

o~

o B-By P
M&Muc}rm of v i W«&MPU‘C\’W on f deWs
oo ugn o Ps

We m morw Condude  Thot Twe '\wv\%u/\'\'\& omp onamk™
E W o/\udauf entowuapus o X 6o d.d&lduo wmtedoce buX
Thot The mmmol omponand (oe_ d(scovx‘\'wuwwo

W thare s sw\.%“uz, chon cxt W’GA{DM

. Judect
None boumd wdkions olso- 0‘(’?3 t Termducksu
prom&a& we fcadd tho¥ thon com ko Mo B f\e\& within
o P enducta. TwoX meams E, E:tt Thosw
e boundary conddhims n o pmfed’ Cnnd-ud'a.—— dAe(cd'(ch

nfeafaee

E;U:, =0
Thio s be o notmel cbw.pM
E_ u((" Suf\‘k o Mb;‘:vzd.ud’m— omck thaX
,chq O'VQ%PJ\MS on ’ﬂN. comductos,
E=% olmost nhshm gpe A%mm



E xomple : Y_wé;cdb.a cma.u.d'vm& ?\cﬁw

EZ E3
=N s

=00 6
'6\ l l o
i = So
WhoX oONR E& omo E‘B? First G‘ com Wﬂﬂﬂnd—q

empeterds.  Seemd, We kmow E=0 un o perfedt comdudtoe
That meoms that E =0 PAs .20, omd tamgenhd E

& amhinuawe  Timogmkied Ez =0, Thene is o charge put

om S, 30 AD%:’])ZV\, Omd. 05 ELEOJ PDadv\-EO omd,, TM)
D=0 Thia vheoms Jhek Eg=0 e,w,aw?\m. T:mdﬂ%,

Dy = Din = Ps

But Dahg O =0

—€, B = Ps
omdy oun. bewnd, Cﬁnd.\hoins ANE O aee dAMa(-
dﬂmﬁ.\{'\é Ma AQQD M\%
Pg:"" 6\E‘H’)
ok e wilordee . Inu&.em*d-%, Two W the

shelding  prop oy a. conduchvng Qhad matel
omh W MI\.&IC‘S% s fPui' W ynackal \00:.&



/

ExmeL  fled compomwd‘s
\
€2 ‘,V
\
= /;.:

{
T Thore o Mo~ Qg w&;:t @MA&MS‘\LP botw eons E\MES

Rs %umam’(iql E (4 conbnuoue ot o84 points
E\ s\ngl = ELsmga__

Notmels B vn discrmimume by The sw%mckuaxmég 8.
—.D&VT -D‘n: R
6&ELQ0592/5‘€\ E\ ¢cos 6, :Ps
Now , Thee v neverv oo s behoears Fwo Pe»%d’ deledrics
umlors Someome puks b there 0.

&.F, os3B, = € cosby



&7

vhons e deckaic Plamtial
%\“U’—.% WU e (v shat We.  WUL eXOMe \oownd.cvua
tmdubions o the Wadinie  pstamtied, Comsidar, Two pownts
A omd- B on cochh Ade 6] o dfodiie iiMese 0o Ao

et /upm&:z&b%a amca_ 35 .
£ N BT}% s

Ef g et

The olechic psamhad letuweerns Bamd- A lloﬂ\m%l:}m'a%
B
Fey-8w) = - ea
&

We have prcked ﬁ t be PMP&MMM‘DM LOMMARAA&\

o Aumplity The paslany . TIm tewms a;bm_ .clnoun'mg alyve

e line \v&tq&zo& WW% be WA on— \.ﬂ
B . Ve 0)\(5
E_,&;Q = Emg "‘E‘ng Co{:)o('\;\’o 7
A

whow, the subsoupt " indicates tha noc mall c;mpov\wi‘.
Thow, by Subshitucnim

é(B) -3 () = [Ein - E:ml d
We know) thwaXx B —E,, = —Ps ,The aen &hmé{—

on T vk i -@Mx}f’-_ \Cor—,rm\%,\ ol proklem., oL, W
Tl Wmit oo S50/ e hane

TRY-QW) =0 | ‘
omd. we hane The simple ) uet v warful et
Yhak D v eenbhmnous QCADSS oo bo dwva,

Even 06X the sunfoce a\)a. umducyeu @_ ) wn\—v\w,

Fo T enhire condud® must be 6t The sovms ()MJ.
Bs E_ =0 inside T W\dud'db) ECW’Y CQAM\% M)aw[\yu
Wit Wd‘*d’ﬂ) %vxu) o conducdit Lo avo

Jac%»'u polemtiad wxlbm .




Exompba . bow\b Qapcxc;\*cu W ivh w?cd' emducta P\d&o

(l
*— -~
+ _>_ L___-’
¥ _ < X
>
‘ -
X’O -hl.&m X=A
IQMQ\MMW\M Mcwwlu, mo %W?M
oL 2 com 2ectre field. Funthaemae E =D
euexﬁwﬁm exeept comd) the Plalas, wWhy?  Bocaue
Plokes are  perfeck eonductos, omd sllme m-ﬁm the field
“o tha mbumbdwew) T plakes, %e:\-wcw the plates

@(d\ ® (o) = — 5

6 we osume Ey & umbam o .. \eb' Y C))

Oxurwnct M‘Dmce.wc fakt k

-V = - Exd = Ex* _i.
—D": GOE_ SO .Dr.: ,-,Ex = GO\—;?:

The ? veckoL v %Uw m'((\u. Space S0 Mmmr\aowncl/
Qﬂxmop

§C>Q -V, = 'iﬁdﬁ = — Ex(¥-0) = -— _\,:t (x)
§(%) = \/o—- vo_d): - 04( |- —)

Fon , e st e o oL cl..u/ue‘ ﬁ,’“@-ﬂMSl on, the
plois &  eonponsale So the ﬁcw% tn fo téo and x >d,
A X=0
V\-('Dg.‘_ D): Ps
ax + (€Ext0)= Ps
P = G,,_i. X X=0
WYY —-—50"° st x=d



5
xzo deleckric *=d

Now whet happens to @E a ()omcL? Wt we put o dieledrie
polanizalde block. \xhoan ‘tko_ plodgs

T the (ruc‘m\aﬂ CaPmc\'*ﬂ. Witk the dieledne  blode
D D
T : \ —t— 1\ " L
}e‘; I €' :l Ei €E | (A3
| i 1 N s L 1 -
| ’ (4 4 X

@

\normaf
sma¥D v tmtinuouo e wtdeuwp)b deleckric . However. .bem
D=eE omd € & not unfoum® ) naithen s € ag showm below

E AN
1 "———*7

The d\ﬁeﬂzﬂ\u—h&w& amd D P so.
P P

D V\ot\wn mowe Tham e i TAJK\JU%E whoe @(tn O ‘oo CUN_
n»guwnu., dm”wsm slope

}\ }\ oo s

Fimally , s a.co_d/\a,\ dﬂMS\-‘-(csaMchw'G Mdﬁw;m;\'wcs%. Eand P,
Foee dlanges wdmfo di'wsdcsok ‘E and. bownd d"“"&-‘ due s nvo.i-wesob 'P

b & z»wm

&ﬂ\wf“’"

& © » (A {mwr




Voaplace ' and. Powadon's E—g\;&w\wﬂi

Foorn  sun s*u.é-‘ao ocknie MQ—Q we kmow thet we
com  wade = —Viti. —Qm..m detue feld. TP we

tote Twe Q\nmamu. 0% Qach s\de e %g.f

ve - -v.98 = —v%

bux Y- £ = V'(—E-): 2‘2: £
'3 €

S &= - £

Thin © Lmgwn oo Fowdm's eewa\'lm I e 1\9.8!0'7\
centams 1o fhee Charge we horve Laplacws Q%Mm

I2F =0
Thic w P Che moak wuw\%&
2o Andstane B co-nd.\hons

f‘o\om
ML::\L:% €m amd l(—mcd' we Mone, the
\pfwu. Ot U:

Mm Agasenald + we. have oJUuo.
stududd Thok aue e A,u/\rﬁﬁ\x ta Sol\rmé Lo.P acah «Q%Mai‘um

lLe. Gouns' Low, d vuthode e ok mot
studwed  auda v Mo mathod wnagw BuX
columg  Loplace's JL wakfion donedt %\ue,s
The e:Mw Pomhop T omd T 2o ot me

Lield o o \:-ezu-é, s’mcn,%kx 'anw\.ci oML



I{the E-fleld (6 knoumn euu%wkwu., Thaw ‘oo& Gornt

haw  The Charges on a.Ql surfaces oaa bmouwmn., ConueAALB)
Guem Yo charge d.u'/\S\‘\"(!lA E cam be colendamd . Iy
Phackice. muthoe t© hlub to b knaun.

Tado thad ks waun avotlable ik Th polmtiod upen
metolo (anc&.udwh% ) sunfaces oamdl The dotaited 3’°"“"+“j
& the problem.  The fundomemtel saluhem mathod
s T §ind o fotential - Which sotsties laplace’s
C%uaﬁcn ond  matdhes the boundary conditions.
Bocooe The %mu&. muthod s 1o <olue oo differemhiold
cquation omds Thuw motdh Thee Sobuhon to The

boundary condchons This 15 often called aWn&%
velua_ ?\,o\o\em.

We wit st exammple problems where. laplace'’s
equation  tom be  simply ntegnated .



Comsiden ponallel cuvd.nd'w\ oo of whmd extent
covvmacked. To on exwmal locﬂ]mﬂ ot paanted V.

(X
o \,o.()lato.s .L%m, VaE = B@— g ¥ azg N

But Tlere ecam be “wo ox* 9‘31—‘ o
Xﬁb‘adﬂvﬁlmmmw A e Mplojiaw v~
. Thuo ) '§= §(x) omck La..P\owu{/ 14&(1*\0—",
becomens
3 o
Y
o ?l_?'_z =0
dg*
Thion & simple %Aa:hm'to unta/,,:u % atuo
c@ - e
@ = ¢+l
where, C,\O/ncL Coone. anstamts o be foumd Loern tua
boumn ceondibons.  Bulr WheX dase T bom&an.a_.
cmdihmsS: that 200} =0 omd B(A)= V5. Thuo
| d) = cg =0

B d) = cd vy = ¢ d = v,
T wmeams thoX
Be)= Bt o oczed

= - A&_ V)
= -V
amct € § a—z-d% _d? Gz



How obmd G E foo 240 wnd 224, Ob |
E=Z0 w Thae /‘u_%lc‘v\n BQCOMA& o] the md&dwa
f:?o‘-GZQ, Sk Tine & w wm

Vo T >4
How oboux & T pRoduo one mol wm eaonk
P\s\c'n%cwwemmot—mmm&dﬁm The plotes Tvu_
coludion WU be tha Ao, Not whot hoppans
Bap
o EVE -
-\)o -

Ao lomg an it & juok gin betiben e plates D=¢E
omd. W Com AL the nuault —thot

n (D, -B) = Ps
ot cade platL. At 2=0, T N =Gz, D=0 amnd

_ébE\: —eo\id_i:: P:
Ac 2=d | {a m=2e&y , D, =0 amdo
“"éoE‘fL-: f)s, .
T, thera & g Q\AA%JLQ/ Q/Q/LO/L%L d.vnslﬁ
PS: - 6_2.\@
d’ .
on e plaie ot 2=0 amdr T SCVVNLC’«Q\M%L— &nmsb(j
(o, e opposite sign ) on The plade oX 2=d.



Excumple; toowiad calde ith outaghietd

The proolem & thox T2E=0 fo b<r<a amd F ()03
Pecoae Yhe Calble ls Uadm&!uta.o wae. CJadm&f\AC&D |

csoidimoetes 5
AW 32_ e _

Thio looks Sorwmidoble Yo '\nkﬁﬂo:[u buk Considen
fhot Thorwe com be RBo z-dependamce.  eucapt N The
ands § tha codle s lon Futhowmowe | because

Oaclwdmca.Q s%/mm\dmj § cannot Yoa. ou-Fumd-um

T head 2 . ro\§ _
6; rdr( )

whaon cam e, Moui m’myzﬁ& % %\oc
o@ -
r':; =C
d& = C, é?r
@: ¢, * C
We new vnatch The ‘ooo\md.a_/.% condidions Yo %‘*%

D)= ¢ o+ & =V
T ()= ¢ b +¢a =0

¢, (o - b)) =V

¢, = _V ..

L= = -
kb I,
= —-C b = — VJMJb

T = N N b -\J&m(%)'



Copocitom ce

We Yawe Aeferred. Capacitomer  pmtil ofter s\—uduamj
an (ntroduchen B Loplace's ec%uw»ho'n ?m.o., uc/'j
smux&c rneapems The M\%,w.mzss theorem fou' -
ot Dirichlet F(\.Ob\em ) e, Thol
7§ IS wmqgw. it it safishies V%@=0 amd, the
known  sonfoce psamtioks,  Considan, two QA\OP\/\O./Lj—Slﬁa.pL&

(pem‘cdg) CﬁV\d..uchnca swdaws 63 shaon belew

N

wtth a o) established om exkermol sounce
Oc eleckrons. Bu the uniguenesy tTheolum  since VZ(E~O
sun facea Tkm

amd © 5 kmoum O‘V\ cmduddin
woust e 0o wvu Tuntheoum oo E—’V
E(cwxd,b sobe,wvuw. Thio wuwnsfmt‘a,s

soow a3 M %o.owu.* | The poblem s opeeched | The

et G'A.cv\.%g, on -eowL., W:E:, s UNIQUELY "puzu-ﬁeJ

T bu'vwxcl ond “D. We com define
thws  ndahenship \oe\'wennu Une ‘byh.!L dmu.gg_, on eatn
st omd the poltvhad o tha Co.padfamu..

S

c =8

Note thot L dspaumds only wpon e %emuﬂ-#-/va_ andv

IS umu {o o groen g_awui\'nj The uwnite of C

o coudemls foor oL «%m,a.&s



R o paaadlll plalc eopotitn we hawe shawn Bl
IPS\= e%

ovv Sodh P\, Thow The {otal C}\Mg{-— on 2ol P\o:D.

SV

= Vo g

whiw A%t pla o.n.a%l» amd. we o Mmaglockuny
Frim L%%u,’rs Ce. edse effects ), Tl copaciton
ot ' ?O.MS)L& plae %and'r\«a s then
=9 _ &A
Qrwﬂw plote = Y %— -
Noke that 1§ thow wew o dieledaic of '?anmo,\r;«\(43
€ betwenn the plae the copaatome woudd le o

Q,': é.ﬁ‘.
a'.

Feo the coomial call Bir) =V Q‘.L(%_B_
2T

=l

e swmbaw c,\,\wuje d_n.ns\.{-n e W
p=nr (2-D) = ar( &

\/ ,F)G.P = GOV
wEG) /T
MMSMMCQ/\M%L/mi\' lngth @t

'Q“ = él?—\—l- ‘;L“\b\ :2'162_! :
R Y= B




Thwo %\Gcs wo O CQP&U.‘\’MCQ/M l,u\eo\'k o}



[R

Laplaca’s eqaodiony Wi two L maow dimem sions
D A\

Tha wost  common, MeXhods o% So\Mm@\a&‘b .n.qgm.h'm
l'smqtogbmpmoh&novmidﬂuv » watlhods” wotks

poovided D ThoX The  boumdory condihieme ore s?ul,%'n.cp
PWM‘% T uu:v.d«wwof(u oes omd- thot  the"
peluchiow eame b uadlens n produer Sovm n e Lrdundle
Supem o oo woed..

Ps oame womple  conadia @ = few) %(v) U~ w-v
ootdmasas | Nt
% = E s
ouF S
we hove a Rapuralsla _Qq“Mq,hbm Sinee

PP = %B%i,_ + -F—B—l-?;_ =0
ond didding oy Yo oV
IO LA | Ly

=0

N thet  tha Sirst term wuot equals The second ‘erm
‘ndepundend of u te U& V8 Lo allu.
£ dw 9 dv*
Y
-\—-éﬁ < - + i’f S0l V.
3 dv* £ duw-
The ondy W Tnio com Bfd tee & foo gadh toun to
\oce%ua&aé o wwstamk  yndspamdemt og wov V.
le. _\_4_?_'-_‘: = kz
£ duwz
Whow W % o omctomt )ound
L% Ly
? dv> '
No\e FoX U,V ore oot A G,mtb;mm et o < haud
The ’\ﬂdamo\u_e(. Wa LU thdj SPQ%CQ ?Ablo\ems
oM cactdumate S%s;&ems.mm\.,

SKI;Y\(\ M\'kj )



Zoumd condahons Sk A to be Spe Lad )WM.
Eoum UGMW} proloms  fa %§ o s'(?e'i%c}ﬁ:
Citharn, E oL a__@_ on the \ooum&@:?. e cc«meaé.\b
umdenstamds s\;aezk{i&u;\ 5 The polewhiad) — thic maght covies pond
® o \OoJIaJuj covmadnd B o matal plake . Poweven how
M%\)MMm&M{uﬂ%Qde.

s umdestorde '“UA, Recall. taod E= -VE. This

meams That the wormal component OSDE I OQ‘WM \°‘3 _E,
an

Furthaoamne , A Dwpmat = € E ool = — € = , thia

bewvx&o/\.:) eondoRon, W to speautyl

The b@x.a/x%c demsihy on  The owvxc\o./ua “Thes, W /a;«
Mot Tha dwom hypes O¥ MM-& Condahone A - oy
o oflow wa o sove” \loplace s Wagaahon with exthac

Qieleckric o woted (coducir)  bolumdomes.

Ma‘fko.vwabuxl\uk, f @i speclﬁ.-,cﬂ c\)auaw&wv. on The bom&a‘,‘j
we 8 thia = Dirichlet bownd eomdokowo,  IF
U;C),’V\dhsg'ec&\é\ g;f ev%ww o e M&Mj Fe bowwxj

o s D talled o Reumann  boumd condhon,
T:mav(lé) dombinahons of iw%% smq% waed To
SPaQ‘\r—a e \oowvxdo-/\& condrtions \ea.d\VI3 whot 0 kmowm
as o waed W&%«um prololem .



Loplac's £€%w.:\-\m w facfameullons csmtdundtes:

\opaw's &.c%xwh&n W pedamgulon emdumdtzn v
#E = 28 L 5B %

+ _ =
Ax& 33 Gk ©

To dekouwmne & T soludron & Aepanolile. we um;it-‘ "
T on produck Lorm oo

Blx,q2) = £ gly) h(2)

QM4%M¢%W ON LY '%Amd'ums of ,u&ewd%
Noape . S\A\os‘n‘rwhma o assumed. Seluden wits
Laplaca's -2!%;.0.(‘\0?\ we %‘;\7

¥ (xgem, 3 (448) + ";(pga) =0

dxx

8&3-‘: .\.-PP\B_’E. } =0

S e —Fumd'\ms a)’g\ M‘— Lomchens 0[: X, amd.
Wwe  tom a;y\u-e,\_-t—\w_, Po./vho—Q dPJuAmbes’Go w;ﬁd‘_"

Adenwvates, ,

g&i;';f,_ + —fﬁ‘l.i + Lé 3_7"0
’Dsﬁchmcb, Wma@u \oé _;‘se\ (M alco macns Moot
we et Lt @ = 0)

LA, Lde L dth

L G?[ dca +“?q de? ©

T 6 obr thn Step Thad we solye

m%vna-o ¢ on. Note thed amsc-’r@ncﬁm

¥ oy one varee . Igwc ﬁew%m&emsw
|

MO%‘() -?R)CLC%'F—) coutd chamae , but



\ &Zg Cz) + _l_ CE\_C_’GZ
%I\-p d %7' 4 (2) de?

5 Tt Famw*ms‘toa—ckokﬁ%efw
2
olorw&v —_Fla) %{% wurot be & condomt fn&mpand.(mt

of %, MM%mev‘u,WoJicg S The

S 1 d"g(%) amd 1 d"‘e\(%)
Fp o Aw 9
Lo [ A
i T T
whae K& a wnstant. e com 5\wu‘\o.,~‘\\,3 \e
2
Lg o R
I 5 G
. d=22

K2 Ky amd kK& o womatamts ( anlart oS %zj:') caloed.
A».Puoﬁ—(m constomts. which wil be fixed ‘ou& The

G e bOMdMéS condidhens . NS Thoat we hanve
Rediced the Towe dmemucmed laplace eoquadion 6 Thae
gamakims — This G "sepanotiow of voriaBles.™

Réay exoming specfic problems , letd look o sotw;\é
These- eqbwailms A ‘(’IM:S one  damhcad am prck

fon (llust nokive Pumposes

T N

—

£ ax?
com e Re~wutten as
&% _k*f =0
dx*



T k>0t 5 e diHowwhad  equotion whuth,

+ k. X.
L Bena

defines the. ex Porrww{'lil&) 'gm\c,’h.cm
DU Sotu:\"\'vns o Thia ecku.o.‘hbn ars_

+K, x -k, X
f&D= ¢ € + e

Gande C\)C;‘ Ky st be determuned from tha
\Ooumda/\,% comdations

T8 ke <0 the W Y Al oramtiod e%uool'{mr\ {or
the  tragonome talc Lunchioms  sSink,y oumd coskex.
Henw , our soludioms mow ore

£ = ¢, oin kX + a8 kR
Finally HoKT=0 we have the simple  soluwhom
f) = Gy Sx
Tn all cases K, wust be determined f\_rg_l'_ for Wy

determines

. r
\ntenacieon betwean. slations as kx2'+ kn‘* k; =0,

both e type of Solwchion , oud The



e
/\\/ m'pm‘]""\j lon g
\e
Cxample < —
o) T (xb) o)
{(o,'a\\ | 6&(“;'3)
T
. b
e a5 ¥
Z
wih boum covdnhoms § (o)%) =0
4 T (x,0) =0
E) («, ) =0
T G = Vsin X

xk VQ‘?: bz 31-5 sinee Tha \')ILD‘o\em 1S );\-Cw{(hb
Qx 83

\ona‘w\ The 2 -ddrgchion amd. we com expech ms z-depandanee,
lething P =40 gly) we et
3 d‘( + ¥__3 =0
1 Jd%f J_ d
F ot g3
Bnd , Aeparatwn
3 _J_C)’:( ka ,\_Aff = k*j
£ ax % A‘az
where kx"“'\'\\g—'o, The Pnob\em 1 whethoe kx?ﬁ@kz l:o
e tham 20 — The other. vundt ho fess thom

Adichon W looceds wpom bomdmmchhms clo
we wWomk  exponemtial , o Ugoidel o av sution far
£ o 9 Obmowea , since B(xb) = Vsin TE we

want £ to be Inusodal 4o we copws Mmadch 1t ok tha

POy



(o4
~~

So Pk K& >0 ) Thaw k‘_\z’ <O  amd oun soluhons
beoma

Fex) = €, s kyXx + €5 oS KX

qey) = e et K4ty cqe:k‘*'
L i
and- B(x) = (¢, Sinkux ¥ €5 cosk, x )(Cse+ 39, o€ L“‘)

Ks - i(x,b)l\/S\n % We came piclk Ca=20

Bouyg) = (en kX V(e ethedyc,e” "0Y)
whe ¢, has ben oloznbed \nto Czand &4,
we. hawe o et Sor  ®b), Hewevee , let uo eomsdun
whot et ke done to makch ot P(o9) amd B a,yd.
Oun fist  Thought s Tlo v Cz amd &4 T makon oF

“thox pPowns but we  commot  wae ex ponamtiols W achaave
=0 (n a.&.\mﬁam% 3 C»Q,o-ma A=0 amd X= a. TiL s 'nsteadl

the sinn fumchon Thox we nuwct okl ok Foo Y=0
& (0g) =0 smee £1h(0)TO. TTwin meoms Thay if cin ky®&=0

we  alwoys will maet Gu bowndo/'.g endition . S kya =0
onlu i€ 7 kya = nw vk Nn=

S|

?\'c_k ;né kk = -3

\,9, 3),.. ) Now we
hool all  possible valras of N allowed omd wust apply
The bon,w\&ot,) condihims To ﬁmé‘bnm&uu. e , oL To
ddovmune n. -

ot - +Y‘£'.T¢
x J

. =
Bixy)= 2 sn(IT x)(Es€ T acqe *7)
whare W+ was ncd thot k‘;:- N2T%  gnee kG4 ks‘:o,
a“-
let uns mot evomwmime (Rot hoppems at 4-=0 .
o0
Pxo)= 2 SmQ'%_T- x) (eay + &)

n=|
Mua oot q;«a& a0re mndapandant O A amd cam occun ondy

£ Q=z-=Cy. _\_\Muu."M)

| w Snny gnL
@CK.%)z Z‘QS‘V‘(%X)(e a« e a .‘5)

n=

whae we hare embuud sl constants into Q.



Now , whoX happens af \g: . !

n T g
= = nr ‘
@ * b) = VsinTX

E(%)‘3}= Z' Qsm(\l;_",()( _e ©

n=

Thin com~ owbé\oe. 4 ¥ A=l omde.

- + T b
c(e” @ e T )=V

v OV

Oun. F1meQ coluthon ,m».e\—(zn§ Qi \Oownimg_ condatons, s Thee
—mb b
Tixy) = Y e 5“"‘("'_") ela? —e.* i
b C_.wb&_ e-r n(b/a_ @




Compley ‘ooumdoay condihons

Tha \snob\em Wt O two —dimemsional  solukion w te
Qureovmime White Sde to  stat fpom, Tha Ungriee o
bo.m Wpovy w%v»db boumduoswen o 2N, Tr the two
dimenarnal Condeslam ?n.ololems we. harve anaro Tha
boumdovues o been P/\.umom,oj 2euer, aurtthy m&j one
Mo — A0 bmund W‘bo& The %uma&/w-u.‘uchsI
W amy fur 0pposm s\des 0w 2pa6  thew one shoudde
thoose. the k?Z <% sobu:hcn , hes Stes amde cosines
abong  ThoX condmoly nmee  sinuaneid.ad chomes
Coms howe oo Yas oX oot boumdaniee” Th-
X270 exponrtiad sfudionw commpt rmeskt AL~ 0

g&:u% o Qukien). gbi‘k F-0

[
-0 B-0 =% T§_—.\/,
eyt
&) (b)

In :'%wu._(a) we ouldl moC wass Cmpomud‘l‘ag, colunoms
in the x— direchiow amd nust use Sumchions of the
form Sm@w) To howe azero ot X=0, x=0—, In
b the somi_ Stuahon occuns n The —fdmechm Wdn
uqujus funchens ot the form Sm(_'"‘g)ﬁ_) Nole N conv

be 4,2 3, (mow on thio ldin ). “This discusaiow
koda modrw\oﬁﬂﬁ o baumd.wxﬂ comaitions &%M form
shouwn. lelow.
4
$=0
L .

&=\, $=v,

21 re > X
%=y,

e



Thia pnoblem  Cowu be =oloed bé uam Qupuv slhén
Omd. &-(nmpos(n Tha ?fw\o\@m l'n‘ko% ‘ot vjzz’u.«
eas:lj solved. pno lems

§=0 | E=0

$=0 | ¢ ’§='0\+§=V,, &, [2=V —
§"V|‘ o o g
@) (b)

¥ §\ solves * laplaw's € vahon fnThe sihuokon n @) omds
@2’ So\ves L&p\agq,'s ooi\ém {a‘m B.C. s n (b) 'T\wu
§3=§\-\-§3_ soves  laplows ecboa;ho'n fow The BG5S In (C)

Thin  prumcipl o be applied o soluhons O% Loplaca’s
-Lo%,\od’\.ow un 0L Comdam ol Q*JXJL""S' Pis \ong o5 the
boun condafions dum up b The daoped B.Csanmd
Loplace’s = ov s solued  fru The some neaiom
(ve. The Aiono Muust be Oﬂd%m S Lxcept %w

e \owv\dn/wd, comndahons o

’Fwoma,we. are led Into The nealm o] compler ®B.CS,
U\,P'COWL«)QM deo Lt O'NQ:)UJ'\% bawndva./l.ﬂ
Condtiems  Thot cue const cunt. Sup‘:osz- We. examing
The paoblemn shown  below,

X B=V(x)
P-0 $=0

7

T = *
We howe let =0 o The other thaee sl To

oA shushns faguiung aspapesthon . R we
lnow  thio pw%m oe. O\ILO’VY\POM b'-a, Sﬂbmd’tm



{O%

ol vanadhReo Wlo The “wo dun W Asramied
e%&)uai\&ns "2 Ob%x

dZf ) 2 -
== - kof=0 % — kSg=0

sl § hg) = Fx)gy) omd kel + k¢t =0,

Tha  bouma amci\'hims e SO0 fLQCgUU’J.a kxz<0
<0 Thax Mé
S0) =2 ein kx + Cocos kX,

At x=o , {¢ex) =0 wWhian,  neguuw C5= O At X=o_
£ must adeo QQSAAD. zoas— whide N_obui./ms
kgae = N (ky = "%T.)

whare n=1,2,3 . ,ete, The  complele Levrmna

slion  uns "va)
o0
- LN
fex) = 2:; Cp SIN(— x\)
T Soﬂu.,-k—{ov\ -Qn, j‘(.sa) s S\mp\s
tkyy - k%%

At Y=o, =0 50 C3+Cu=0. The wmpldte sfluhen
s M o0 K k
/ Cr: S
@CX,%.) = n%‘ Ch S‘”C\—T—g( [ﬁ - € ‘é‘é]
Note 7(40;\’ k\;: "k;— = = @g)z{ odr  That we
hone sohshed atl B.C.5 wxcept Fix,b) = Vx)-
let us exdnune tho BC Ln %/\.anla./\. dotoil. Lk lf-b
o0 ‘k -
@(X,b) = Z Q‘: S‘hknﬂ) [e jb__e k‘;}b }
n=) o .

= V(x).
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At Sirst Thie seems like o Wy Srumidoble pPnoblem
Wit no simgle solichen.  Heweuen, we ashidzly observe
Fhat kab _ —kyb

enet-e = ¢,
whae Cn 0 o enstant  TH we M-wilde twe B.C, Wj
en we \/Mﬁ

o)
Vi) = 2 @S CLTIZ‘ , ()
n=|
Those of Lé\m whe  lhowe lbearo QMPOSQCLTO Foruriar om
wall \wwmdx% Mw%mvbz._'tw. M}M —hord S\dw ojDM

oo cmo.A.ao.. Fou e  Sung  RAALd 2x P onaiom)

P
& VXY . Tkn. c,o&\&é;w{s C, o determumed yust

CA> O wrudih cwwu, Qe RINLQ: First |, we

neeadl that A (ATX) or n=1,23 ... o o‘cthoacme
CA.

Lunchons

o.
) l\el

fs;n () s (mIX ) dx =%Sm'n )

whore Smn=| % m=n omd_ 2w oftesunit.

To  tomplete cun sobukiow o R(0Y) we twn g ¢

looth Slc!\a.50§D E%m ) bb SN ml)( a/nc)\\yf(—esnm'ﬁ_, Quer.
Lo,a7).
V) ein MK = Z @p5in "X 5 I
’ ‘ o. o.
a
XV(-K)S\"‘M dx = Z C,9n m‘- sin MUTX Ay
) 0. n= &
o
0 [
= 2G| an ey MM dx
nE| “ﬁ—a‘ﬁf\&/
= Cp T TSm0
w&mmm m

Tha nesulits of Qos ‘o elimimat o.)& bud ome_

200 from the pum on the MQ&I homd sdr 0 Tha
Vm% -e%«u.uhe'n . 030



w%mwwt% tene

Bixy) = élcw Sin (n%()%knj_ e—kh 3j

_ li— n2r?’

a

a
. _ j‘ V(x) 3in MTTX  Ax
N = T o a

[ek,,b _ e"knb ]

/



NMesmamiv chd%ﬁcmcitﬁﬁs :

wpmmmw-ehm duc;uyl{&

mens w&n.u.
The boundary tmdihome Vove oy sprtded @ on t

bcumdx.uués ,e. Ddicyhlet boumdw condiflons . T\M/o
‘oum condafion ds g v .e,oymp{'uo&\ze —its sunp
o . On T of Viamde , oo Ne,wv;\%
Type \ouwwAcwé/ conduh on rw:bwms The Spu.%tm:hm U)D =

on T bwwudama. st , does '_3@ moke ()avuaw

n
Tx C,QJU\CM;ALQ dOCS' Enérmd; = — %i;\ .C&Md«b“mmd’: eE)'\owrm.Q.
Thuweo, speedye 4 %2% Co a%uuﬁ&m& to szuR(Dta&w% " Dgmal
ok The bown

. As wost bowumdatnres ane af Cn'n&uc,‘hzna

MM\XQ%O) Dpomel » W eeymd. T ‘OM omde
T odange dumsHD fs= — Dpamal o precent

. . _ 3§
ot Ths bcrwnd\w\a. bMS . SUAN .o.,c%/txw\\ww 95 1S &
omd. we Qae thedt wﬁwumu%%%mmmdba

The c»\la/ mathe matical u—y\,aquw { spec}tf-v'n% %—% o ThoX
Whow.  Te  cotficamt e Ame tom on thae aluhon
wad- Ou\wu&o °2§W>5 Wow wo lmoam, e %AD’.

T ~v\r\cn-a e Mod Thot Newmammu e beowun

conduReonc o{tw» occn ot twe aua ¢ dasdecthade
oumdanar  phew Thaw 6 A %ag C’Jmé{'a

mwm%aw.
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G,\(_&A_/_\L«QU-» bg Neumommo bU\UV\AMA-},, CD’HdAhO'YIS

9 F=0
b "
B §: O( _g-’-o
2 ab‘?x
| 2=3
; = £ C ﬂ @ =0
bt &=H 3¢yY) Ex; A S
_\_ _Ai —\—dz =0
£ dx* v 3 Td_%"
2 e 95
kxz- k‘g—-
e O _jef =
kx *'\‘“3 =0 dxx Kx{: ° C_Ad%z." \({‘3: o

e Ut uee mmudetds o m*u‘s'\ﬁj e Newmonnws

WMAA/\,QCOY\&WS)’ so , k. <O.
£ :Q‘sim\ayx + ¢y W k*x

%{;'-" %\L;f: iy €os ky X — € ke Sim kX

af

a—; \xzo":' ¢ kx S tha Boe. M%MS C, =0.

L) = Cheos kyex
£ (a): Cy oS ke =0
Tn B¢, M%um:oj Ky 0o = hg' (W—W;%notﬂanwe.w«uﬂﬂj

hore. had /
L '?(X)- Z c—nm@%)

“: ',s'g)-..

2
Swee | Ky <O , k% >0 omd

qy) = C5 Sl Lo Ce k4t



RAs o, W&Mq\ow do bamd:wa comditions writh
2n0's %&t}oﬂw» W%Wm?mw

C-PPARC: ,B@ thok B.C..

Iy we do te B Tlx,b)=0 it & suffcant To
ru.%m %(b)=o, lLe.

b ~kyb.
q(b) =0= csek“‘ t Qe
Can —Cy o~ 2kab

At This Pow\x we hovre The £oumg exp/ession ‘Car. 5(:,.8)
00

- — Ak Yy ~2Zkb
=D NTTX \ 8¢ 3 3 \
@c,‘.a) o c,os(._) Gle*F—¢€ e

n= |’3',—5“l
. - /

R —k +hon  —2keb
Boxy) = D tn cos(&"l’i) [e #¥_ e *ée 8_]

n=|)3’§)“ , oo

At Thio ot we let E(x,0)=Sand doa Fownron
SouUeQ 0{) Te B.C.

o0
/
S=%xp)= Z (O 3 ('"’T: E—Q"Z"x“’J

n=,)gr$°”

Fothe Founden Stuns Gppoach we mustply both seay

The aloove e%dahe’n ‘mé Cos (M_'HX) omd mh’gm:tc. -fro»;
0 ® a. Qoo

o- %0
‘}:5&05 MmIX 4 = yi Cn COS L\E()c.oerr%xA)E;gn‘sdex |

Qe > n,35 AT

00 a
= Z Cy [l—c'zkgbjfcos %)w@g)dx

"=‘|3.S' o



Fest , leX's exammime The ledt-hamd side of The above
eabm‘héﬂ. Oun first rpoaction w that t 1 2PA0 Q.Kelpt

o m=0. ©But neatQ thot m=f)3,§')... e, odd
inteqgas The wsine W NOLamoedd. fumchen over Thio nferol
omd. The W‘\’vna Uh'[uzjwﬂ vo 'L".S. zend.

m=o S|F— [hia 11 cdumt s ok one. o T Mhrw&l]

A o solutims S wm F0.

W ANEAN
vV

On the Mottt homd side

a
NTX I\ Ao - ) m=n
J; Ces Ti)ms it )&x = s, , whu Snn {o ek

M\%an&awehw

j5eos('nn—a¢)clx = Z ¢, [1-¢ ]a, Smm
° h:l,3)§,..,

C...,,, [_I—-C _2k3bj @

a

S 5 tos) =X
o Q,D-e-zkabj J; T ) dx

I




Oun fumal and. complle selution w

o]

n QMB
T = J ¢n ws(m [e 23 e—f%‘i‘&

'\'ISS'
whora

Cn= 5cos

&-'D —25_;\,] f

- N

SN kg - -z‘-;

Note Hhat  ky= k‘} Tr . Buen Thfug‘«\. k4 k,,f‘ =0

we have cum.&a assunuzd k2<o =0 k(;>o and,

R%Z: "_:.r{:_. Note thok kxomd ka Gre cdw%; postiue
i su soluhons  becauan. The Srzz(n Is dlrmda mdwml tn

swi assumption  that™ eme selution W suudsidald amd the
OM eQJ(PO'V\M\&‘lh.Q:

)



Laplaees ﬂe%&h'on m C)«é'd\ﬂd/lk'cug contdimates ¢

Upto nNow we howe 0“\'3 soloed \aplace’s ¢ maton Vﬂ-"o
for e cant of Rrecti hineon (x-—}) coridinates. m'c'm%
Problems  hove cirewlon ov indead Svgmm{’/l.im

Wity nequuies the /190.&4-{ coho” 6y B.C.'s olom W&Mcoﬁ
kb\undwu}a , Thwo wmecms Thot 11533 must spe&c{ o
soluton of T2E =0 of The form B(n ¢, 2).

v s sove thio quohom da we did in Callatam
errdumotes ba separohiin of vartalles . let

B ln¢d) = £r) g(4) v,

In uad(nd/u'nao csredinade s "
DBV, 1 B 02 _»
v3= 15(°50) T Bp T o
S\Lbah*wﬁna OWL expnessien fo & and mm’ft;nd To
ndmwg differenk iols

A 2 2
ah L =(r Zlg)+¥ﬁ i;'ci_fg’f 13 Jg’iﬁz =0

Ouwn. first AP ONAL is fo gq?m\m outr The L(z) 4erm)'
howeser. , 4(f) s likelyTo be odit tn b L€ gto)=3(21r),e+<.
To eyloy Vs we will do %(ﬂ first by m\}.oh'ph&(hj

“Yhe above C%)QJ"N;V\ Ba =

1 ~d (rdf d 2 | &R
fP;(r&+é—1%z+ (ﬂ diz,'O



Now , let ua examume the term containon (),

As thin 0 the feom unth & ¢ dspomdamea it vt
be cmstamt for &l velues a%4> othonyutae 't crulde not
comal the othor terms  forr ramd & fived. TFor
Risdorcad reasons we W call Thie constamt —Y%

TThows,
1 AZS :—\)7—
3 ag
d*g q =0
:‘?‘L_’-vé

As we expect 9qCo)= g(aw) fou 3‘& be s\nah ~volied MQ
continuowe | we pick % >0 which %lbes '

%(4>); ¢, sin \)q5+ €, oS \)¢
fo  9) 1o equal q(ar) v must ke 6%‘01'&%/ c}«alam.

le. 1fv=( qlo)= %(;nr)
L v=a 3(0) = 3(411')
$v=3 g(o) =& (lorc)

Ltc.
As lcm& as vV W am-wm.au_, i funchons aze e_abaﬂ-QAAmu‘M Lomchoms
e psdic v 3T,
Refwmung to owe ouguiad equation amd subs‘n‘h%‘ —V* {n The
¢d:.pemd:§r\£ tovm we gdt 5

Now, let's quQh‘p‘tt "ﬂmmg‘c\ by L am
eqsxaho?y\s hto ome for T am one v E dependant™4erms



32@ 24 =0
i

d_(r%'ﬁr)—- (%:_-&- k{')-f?-o

|
T™ dr
T duwst canahom the pe We have seam ne .
1f kf>q§ 1 Jﬂa %
A@E)= CzsSn ko2 + ¢, oosky2
hz) = ¢z€ + Ce

It W The Seeomde equahien Thaf s nuw amd very
complicatad ™ appeanomce.  Actually it is
Ressel’s equation omel  has sevenod dh&erev\’c Types
ok seﬁfﬁ?ﬂms.

TP Ke=0 T2essel’s ecbociC'I&n has The Simple Solhon

fir) = Ce f‘+v + C, F-‘,)
This ’ﬂapc of solution offen Occurs when here i1s NO
Z- dependemee.  In the more qemnad cane we
howe

k2o $a)= Cs I, (M) + €Y, (Tr)
k50 £ = gL (Te) + ¢ Ky (Mr)

hagin allcases =T,z |, T fumchons I, omd
Ky are known 05 modified Bessel Fumchons of the
fiest amd. second kinds , mespectioely ; ancl will not be
funthor disuunsed st They cam never, go To. 200 amd
oy, Commdt  Sokisify o BLL 's StheX e will be
mtewsted in. .



W9

Tv(ﬂr) ond Y,,(P.-) o Toabulaled m mcwua )\n%&)(.ﬂmca,s
such as the CRC Mathe matieal Hamdbook . © T funchon

Yy i uauadly not om acceptable soluion sinew VT

i& s\ngulw (\.e. %085 1o l;\-‘:t'n(ﬁ) of r=0, Tv ,ov»'ftw.
ot hamd , @ well behaved amd looks like oo damped
sSuniamd, .

Soma ypiead Besse| fumchéns anv shawn  below

+.5 3¢ o< Z(X\
X />(
_IS - //
, /
—ho - ( Yo (X)

The Bessel Sumchens form o complete o-dhoacmaﬂ secieS
omd alloew arlorvin Lanchoms ™ be e)\.pamda.& In O—r
Founer “Hype soued™ called o Fowrer - Besse| sertes .

Funthermotw ,
a

fr:!'n <W\mr)3—n(Fns'") dr = o & m*s

(o]

= %1[ 3;\2( Tom r*\) —a—n-\ (anr) Tm—l (anr):] m=Ss.

The subsoupls Uy ete gy seem complex , but 1S oo
shett hamd way, 5“%("3 “ooe e vadueo of TTq, Thot
make Un(\"a,)zo Since  the Zeros o{, The TRessel funchiom
one ot S\mp\é placed like those of The sine function |
Twio,  {(\ny Oanctes That [,a 5 the m-th zew of t
Besse) fumchon T, ().
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Example : No z-dspandame, Lap\aufb Eskoo.ﬁm n Ctdc,\m&w Cﬁm&\ﬂmo

o

Thie W & dielectme cadmdm, in & unmfoum Heetnie Sed.

First, we wmunt deteymune  fhot Thowis no  z-depemdemce
HCV\&, k~2=0 S;moz, we womk “P\(%)"" constant .

Sinel, kg_"’o Iy Y
fr)=e, v+ ey T

omd ,in ol codaes,
quh)= €5 sinVe + ¢4 cosV¢

x
Rs E= -‘V§ we wiulkd expect @ te hoae O‘V\Q3 o X-depemamnce .
e, B = enctwt) X, So thet E=—(emstomt) . But n
Cychndinnl condamaler X = Teos ¢, Thin ¢ 's with
the & (nd) we hare ol cerved /obove  axeept Thad
Tha sin\)¢ term & not cmsistent  wt wm E field in the

¥—durcecrion . “Thwo, Cg=O.
o, B et bed T gm(wwswj reosg.

x=vcos .



Oun qommat  pdamtal st be of the foum
Fore) = 3 ne) + B,nd)
$, w0 the polmtad cousing T vniliad achtic feld &
We  \rome «bumd,& cmgw.a thot sme E=-VE we ox pect”
B, (r,¢) = E, 1 cosd.

Since. ol Undueed charoes and fieds muot peapond o
This applied feld ‘@in wuot e of the Some ﬁnmnlcw

wel a0 @:N (r,8)..
‘-&(h s of the enenal Lam

o =
@V +cr ) ws¢ rer,
whae we hove necocamn’écd that V=l da &, B be of the
Some fm 0o -5 Fuathumee, we nogquine the potantiol

% e finde -(or r<f, omd *® %o’toﬂawus as Y—= O,
Thin neducee the above sofutdwn <

T (nd) = SA Feosp 1<t

Brcleosg  rzoh

whets Yo eoeflicants Aomd B o woed to exempI;%m
fwo Afforad mgems. T, Pomel Aamd B we muitmake
&%M fwo- B.C.s: Thet @\o conthinwsus ot T,
Thot "D o s continwoo at ry Sinc Ps-'D
G’YL'UM, %d\hd%
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Fothe ficst BC ot (%
-
X A(;,COS(P‘\'EQV‘O Q,Dﬁ(b = Bro @543 +E°gus¢
Ary = By

B= Ar
Dicmeq o The Yodial comporent o% _W—S{Q fudh o Juat —33_%7“_

times € m gach /La%(m. Thw,
(-2 T, ) “6)2 Tt ()
—€ 5[‘“ wsp+ E, ”‘«054’1— —603 [Brws;t-i—zoro;stf]

—-e[Aefém—E w/J- —&, [—_ /45_..5 ¢9J¢
6[9+E°j=e°[—FZ+E°] at 1

omd smee  RB= A2

JUAE eo[-%/,usoj

Aeg = m g =€

Alete] = E, [et]

A= E g&.i
SNAC
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- Ep—€
s Qﬁk - Co +€ Eo Y‘QDS¢ + Eorcos¢ r‘<r°
€€

éo'\'e

Eo 1o F,cos¢ + E reosd r

\\"
ol

€ E reos ¢ reo
- ———— o
Eﬂm’ Cot€

€,—¢€

C e Eocosp T2,
e T 0 >





